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New Physics Hints from Flavour



Abstract. This Thesis presents my personal contributions to two distinct �elds, namely
the recent experimental anomalies in B-meson decays, and the longstanding quest for
a theoretical explanation of lepton masses and mixings, under a unifying umbrella:
Flavour Physics. The modern view of the Standard Model as an e�ective theory is
motivated, and the dual role of �avour, as a probe of New Physics e�ects on one side,
and as a piece of the puzzle itself on the other, is emphasized. By jointly discussing two
physics cases of di�erent nature, I attempt to o�er a broader perspective on the current
status of Beyond Standard Model searches.

The discussion begins with a preliminary review of Standard Model E�ective Field
Theories, in which some utility results in theory matching are presented. The focus then
moves to B-meson decay anomalies: after introducing Lepton Flavour Universality, we
discuss the phenomenology of a speci�c Standard Model extension by scalar leptoquarks,
and also present the E�ective Field Theory framework of Rank-One Flavor Violation,
providing a less detailed but broader picture for the case of neutral-current anomalies.
Finally, we tackle the Standard Model �avour puzzle, describing an attempt to address
charged lepton mass hierarchies in the framework of supersymmetric modular invariant
models of lepton �avour.
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Introduction

The Standard Model (SM) of Particle Physics [1�3] is arguably one of the greatest
intellectual achievements of modern science. It synthesizes a whole century of theoretical
breakthroughs, from quantum mechanics and Lorentz invariance to gauge invariance
and spontaneous symmetry breaking through renormalizable �eld theory, which were
paralleled by a remarkable history of experimental discoveries that climaxed in 2012, with
the detection of the scalar boson [4,5] conjectured about �fty years before by P. Higgs [6],
R. Brout and F. Englert [7], and G. Guralnik, C. R. Hagen and T. Kibble [8]. The
discovery of the Higgs boson, which was the last angular stone of the theory waiting for
experimental validation, completes a beautiful picture of the sub-atomic world, which is
by far the best available, and to which the physicist cannot help but look with amazement.

If, on the one hand, the impressive agreement of SM predictions with experimental
data [9] represents a tremendous scienti�c success, the same precise feature might also
be perceived by some as a source of uneasiness [10]. In fact, along with its lengthy record
of triumphs, time has brought to surface a great many pieces of evidence indicating that
the SM is, from a strict point of view, just a phenomenological e�ective theory - the
most incontrovertible of which is perhaps the existence of unexplained Dark Matter (see
e.g. [11]). From a Naturalness [12, 13] standpoint, the fact that the Higgs discovery
would take place in a total absence of signals of physics Beyond the SM (BSM) was
somewhat disappointing, for it opened the doors to an alternative, rather depressing
but logically conceivable interpretation: that BSM phenomena might be energetically
inaccessible by particle accelerators available at present or foreseeable in a next future.

While there is no substantial reason suggesting this worst-case scenario to be the
actual case, it is fair to say that direct indications from data pointing to a concrete
BSM threshold energy are still very limited. In this groping one's way to New Physics
(NP), �avour plays the dual role of a glow in the dark on one side, and a long-standing
sphynx on the other. In this Thesis, I discuss both these aspects through the lens of the
topics I have been primarily involved in during the last three years: the B-meson decay
anomalies, and the origins of lepton �avour.

The term ��avour� has a long history in Particle Physics, and its meaning has under-
gone a certain distortion across the years. Here and in what follows, the expression refers
to all those features of the SM fermionic matter content (i.e. quarks and leptons) which
are not univocally �xed by gauge invariance or other structural requirements: these in-
clude the quark and lepton representations under the SM gauge group, the number of
families, and the mass and mixing patterns of the two sectors. The dual nature of �avour
mentioned above can now be clari�ed: the SM �avour structure represents a powerful
probe of NP e�ects and, at the same time, cries for a theoretical explanation regarding its
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INTRODUCTION 7

origins. The �rst aspect is what gives rise to the so-called SM �avour problem, whereas
the second one is what we refer to the SM �avour puzzle [14].

Let us brie�y introduce the two concrete physics cases addressed in the present work.
The B-meson decay anomalies (B-anomalies for short) are a set of discrepancies between
SM predictions and experimental data on semileptonic decays ofB-mesons, which have by
now persisted altogether for more than seven years. The deviations were initially reported
for B → D(∗)`−ν` decay [15�25], which according to the SM are mediated by a tree-level
W± exchange, and subsequently followed by comparable deviations in B → K(∗)`+`−

decays [26�36], which is instead a one-loop suppressed �avour-changing neutral-current
process in the SM. The current measurements continue to exhibit a tension with the
SM, with a combined statistical signi�cance of ≈ 3 standard deviations for the data
on charged-current decays, wheareas the global statistical signi�cance of b → s`+`−

anomalies has been recently estimated to be 3.9σ [37].
Although still in need of experimental con�rmation (which, if ever, might require

several years [38]), these experimental results de�nitely fuel the hope that NP might be
discovered close to the TeV scale, in partial rescue of the Naturalness argument. In fact,
the masses of candidate NP mediators for the anomalies can be roughly estimated from
the size of the experimental deviations, and turn out to be generically in the 1÷ 100TeV
range [39], although values could go down toO(10)GeV in Z ′ models [40], orO(100GeV)
in one-loop models. Moreover, and quite in alignment with the main topic of the present
Thesis, the B-anomalies challenge in a notably coherent way a very special feature of the
SM �avour structure: Lepton Flavour Universality (LFU) [38], which we will describe
in full detail along this work. Indeed, the most important observables involved in B-
anomalies are the so-called LFU ratios, for which SM predictions are especially clean
thanks to LFU.

Precisely concerning lepton �avour structure, from a phenomenological point of view,
this is de�ned by lepton (charged lepton and neutrino) masses and mixing parameters.
Charged lepton masses are known with very high precision [9] and, coherently with
their quark counterparts, exhibit magnitude hierarchies between the three SM replicæ
(electron, muon and tau), spanning three orders of magnitude in the MeV÷GeV range.
Neutrino oscillation experiments have measured two independent neutrino squared mass
di�erences and three mixing angles with an accuracy approaching the percent-level, and
a (Dirac) CP violating phase with O(10%) accuracy [41]. Squared mass di�erences lie
in the 10−3÷ 10−5 eV2 range, and also exhibit a (mild) relative hierarchy; two out of the
three mixing angles, θ12 and θ23, are of order unity, while θ13 is comparable in size to
the CKM Cabibbo angle; the Dirac phase δ is also O(1). Furthermore, data from both
cosmology [9] and nuclear physics [42] bounds the absolute scale of neutrino masses,
roughly below the eV scale. Assuming a framework with three light active neutrinos,
which is coherent with current experimental data, remaining unknowns are the relative
mass ordering (normal or inverted), the two Majorana CP violating phases of the PMNS
matrix and, of course, the absolute values of neutrino masses.

Lepton �avour is, of course, a BSM issue per se, as the mechanism behind the gener-
ation of neutrino masses is not part of the SM (at least according to its usual de�nition).
From the point of view of the �avour puzzle, the features which most distinctly call for
a theoretical explanation are the hierarchies in the charged lepton mass spectrum, the
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smallness of neutrino masses and the origin of the PMNS mixing patterns (in the min-
inal three-neutrino framework). Addressing all these points in a natural and predictive
framework, and which could hopefully be extended to also describe the quark sector,
represents a challenging open problem. In this Thesis, I describe some results in this
direction, from the recently proposed approach to the lepton �avour puzzle based on
modular invariant supersymmetric models [43].

This Thesis is composed of three parts. Part I, which has a somewhat preliminary
function with respect to the remaining material, centers on the so-called SM E�ective
Field Theory: a non-renormalizable theory whose renormalizable limit coincides with the
familiar SM. After brie�y reviewing the basic formalism and the systematics of theory
matching, I present a personal contribution [44], in which the complete one-loop matching
of a phenomenologically motivated SM extension is performed. In Part II, I discuss B-
anomalies and my work on the subject [45,46]; the results of Ref. [46] leverage on the
matching performed in [44], described in the previous Part. Finally, Part III, whose
�avour is more theoretical1, tackles the SM �avour puzzle and describes an attempt
to address charged lepton mass hierarchies within the framework of modular invariant
models [47].

1No pun intended.
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The Standard Model E�ective Field Theory



CHAPTER 1

The Standard Model E�ective Field Theory

E�ective Field Theory and Renormalization play an essential role in our current un-
derstanding and speculations about Particle Physics. By taking a bottom-up approach,
the Standard Model itself can be fruitfully characterized within this framework, in which
the guiding theoretical principles of Symmetry and Symmetry Breaking are naturally
implemented. On the other hand, from a top-down perspective, E�ective Field The-
ories provide a powerful computational tool for studying Standard Model high-energy
extensions.

This Chapter provides an introduction to the Standard Model E�ective Field Theory
and sets up the notation to be employed in the subsequent Chapters of this thesis.
Section 1.1 introduces the notations used throughout this work and present the E�ective
Field Theory formulation of the Standard Model; Section 1.2 provides a brief review
of the general theory matching procedure; �nally, Section 1.3 discusses some advanced
matching methods.

1.1. The Standard Model as an E�ective Field Theory

The Standard Model (SM) can be succinctly described as the most general renor-
malizable theory of quarks, leptons and the Higgs �eld, invariant under the electroweak
gauge group:

GSM = SU(3)c × SU(2)L × U(1)Y . (1.1.1)

Renormalizability implies scale-independent self-consistency, in the sense that, from a
purely theoretical point of view, the validity of the SM can be extended up to arbitrarily
high energy scales1. On the other hand, as discussed in the Introduction, there are
irrefutable reasons to believe that the SM is not the ultimate theory of Nature, which
in turn makes renormalizability a dispensable, if not unmotivated, feature for a realistic
theory. Dropping the renormalizability requirement leads from the ultraviolet complete
SM theory to an E�ective Field Theory (EFT) known as Standard Model E�ective Field
Theory (SMEFT) [51,52].

Any quantum �eld theory with the same light degrees of freedom as the SM, plus
some extra heavy degree of freedom, is correctly described by SMEFT at su�ciently low
energies (that is, below the EFT cut-o�, which is usually of order of the lightest new

1This is admittedly an oversimpli�cation, for our discussion ignores both the problems of vacuum
stability [48] and of potential Landau poles [49,50] in the renormalization group �ow of SM couplings.
While, from a purely theoretical point of view, both these issues should be considered seriously, the
involved energy scales are usually several order of magnitudes higher than e�ective cut-o�s coming from
the explicit introduction of a non-renormalizable interaction in the theory.
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Field Lorentz SU(3)c SU(2)L U(1)Y

Gµ
(

1
2
, 1

2

)
8 1 0

W µ
(

1
2
, 1

2

)
1 3 0

Bµ
(

1
2
, 1

2

)
1 1 0

qi ≡
(
ui di

)T (
0, 1

2

)
3 2 +1

6

ui
(

1
2
, 0
)

3 1 +2
3

di
(

1
2
, 0
)

3 1 −1
3

`α ≡
(
να eα

)T (
0, 1

2

)
1 2 −1

2

eα
(

1
2
, 0
)

1 1 +1

H (0, 0) 1 2 +1
2

Table 1. Standard Model �elds. All fermionic �elds are four-component
Dirac-Weyl �elds and family indexes i or α run from 1 to 3

particle mass). Altough this case does not cover all conceivable generalizations of the
SM2, it de�nitely includes a large majority of phenomenological theories which attempt
to address one or more SM shortcomings.

In what follows we review the standard SMEFT construction [51, 52] and set our
SMEFT notations. The quantum numbers of SM �elds under GSM are collected in
Table 1, together with their Lorentz representations. From Table 1, we can immediately
construct the SM lagrangian density (or, simply, �lagrangian�):

LSM = LgaugeSM + LyukSM − VSM (1.1.2)

LgaugeSM = −1

4
GA
µνG

Aµν − 1

4
W I
µνW

µνI − 1

4
BµνB

µν+ (1.1.3)

+ qi /Dq + ui /Du+ di /Dd+ `i /D`+ ei /De+

+ (DµH)†(DµH)+

+
θg2

s

64π2
δABε

µνρσGA
µνG

B
ρσ,

LyukSM = −(yU)ijqiH̃uj − (yD)ijqiHdj − (yE)αβ`αHeβ + h.c., (1.1.4)

VSM =
1

2
λ(H†H)2 −m2H†H. (1.1.5)

In the equations above, H̃ denotes the conjugate Higgs �eld H̃ = iσ2H
∗, and Dµ is the

gauge covariant derivative, de�ned by:

Dµ = ∂µ + igsG
A
µT

(3)
A + igW I

µT
(2)
I + ig′BµY, (1.1.6)

2For instance, theories which extend the SM with light, feebly coupled degrees of freedom, such as
axions or light singlet neutrinos, cannot be directly described by SMEFT.
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where the generators T (3,2) and Y are given in the relevant representations; we will also

occasionally employ the notation φ1

←→
Dµφ2 = φ1Dµφ2−(Dµφ1)φ2. All constants appearing

in Eqs. (1.1.3)-(1.1.5) have been experimentally measured [9] (except for the QCD θ
angle, for which only an upper bound exists [53]).

A key ingredient in postulating the SM lagrangian (1.1.2) is renormalizability, which
is simply implemented by the requirement that all SM operators have mass dimension at
most four (the space-time dimension). Together with gauge invariance, it fully determines
the (�nite) list of operators which can appear on the right-hand side of Eq. (1.1.2). On
the other hand, if renormalizability is not required, it does still make sense to consider Eq.
(1.1.2) as the leading order expansion of a non-renormalizable lagrangian, the SMEFT
lagrangian, whose higher dimensional operator coe�cients are unknown. Concretely, we
take:

LSMEFT = LSM +
∑
dO>4

cO

ΛdO−4
O
O. (1.1.7)

In the previous equation, the sum extends over all gauge-invariant operators O with mass
dimension dO > 4 which can be built out of the SM �elds; ΛO is an energy scale speci�c
to the operator O and cO is a dimensionless coe�cient of O((4π)−`), where ` is the loop-
order at which the operator is generated; the combination CO = cOΛO

4−dO de�nes the
so-called Wilson coe�cient of the operator O. The e�ects of O at experimental energies
E are suppressed by a factor of COE

dO−4 = cO(E/ΛO)dO−4, which could explain why
conclusive evidence of deviations from the SM is still lacking. The non-renormalizable
theory de�ned by (1.1.7) has an implicit energy cut-o� ΛSMEFT, which restricts its validity
to energies E ≤ ΛSMEFT, and is expected to be of the same order of the smallest operator
scales ΛO.

In practice, only operators with mass dimension up to a maximal value are included
in Eq. (1.1.7). Truncating the sum at dimension �ve, the only extra non-renormalizable
operator is the well known Weinberg operator [54]:

(Oνν)αβ = (H̃†`α)TC (H̃†`β), (1.1.8)

together with its hermitian conjugate (here C denotes the Dirac charge conjugation
matrix). At dimension six, the list of e�ective operators is much richer and consists
of 59 independent operators, which we report in Tables 2 to 5 in the so-called Warsaw
basis [52].
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X3 X2H2 H4D2

O3G fABCGAν
µ GBρ

ν GCµ
ρ OHG GA

µνG
Aµν(H†H) OH� (H†H)�(H†H)

O3G̃ fABCG̃Aν
µ GBρ

ν GCµ
ρ OHG̃ G̃A

µνG
Aµν(H†H) OHD (H†DµH)†(H†DµH)

O3W εIJKW Iν
µ W Jρ

ν WKµ
ρ OHW W I

µνW
Iµν(H†H) H6

O3W̃ εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ OHW̃ W̃ I

µνW
Iµν(H†H) OH (H†H)3

OHB BµνB
µν(H†H)

OHB̃ B̃µνB
µν(H†H)

OHWB W I
µνB

µν(H†τ IH)

OHW̃B W̃ I
µνB

µν(H†τ IH)

Table 2. SMEFT bosonic operators.

ψ2XH + h.c. ψ2H3 + h.c. ψ2DH2

OuG (qTAσµνu)H̃GA
µν OuH (H†H)qH̃u O(1)

Hq (qγµq)(H†i
←→
D µH)

OuW (qσµνu)τ IH̃W I
µν OdH (H†H)qHd O(3)

Hq (qτ Iγµq)(H†i
←→
D I

µH)

OuB (qσµνu)H̃Bµν OeH (H†H)`He OHu (uγµu)(H†i
←→
D µH)

OdG (qTAσµνd)HGA
µν OHd (dγµd)(H†i

←→
D µH)

OdW (qσµνd)τ IHW I
µν OHud (uγµd)(H̃†iDµH)

OdB (qσµνd)HBµν O(1)
H` (`γµ`)(H†i

←→
D µH)

OeW (`σµνe)τ IHW I
µν O(3)

H` (`τ Iγµ`)(H†i
←→
D I

µH)

OeB (`σµνe)HBµν OHe (eγµe)(H†i
←→
D µH)

Table 3. SMEFT two-fermion operators. Fermion family indices are omitted.
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Four quark Four lepton Semileptonic

O(1)
qq (qγµq)(qγµq) O`` (`γµ`)(`γµ`) O(1)

`q (`γµ`)(qγµq)

O(3)
qq (qγµσIq)(qγµσ

Iq) Oee (eγµe)(eγµe) O(3)
`q (`γµσI`)(qγµσ

Iq)

Ouu (uγµu)(uγµu) O`e (`γµ`)(eγµe) Oeu (eγµe)(uγµu)

Odd (dγµd)(dγµd) Oed (eγµe)(dγµd)

O(1)
ud (uγµu)(dγµd) Oqe (qγµq)(eγµe)

O(8)
ud (uγµTAu)(dγµT

Ad) O`u (`γµ`)(uγµu)

O(1)
qu (qγµq)(uγµu) O`d (`γµ`)(dγµd)

O(8)
qu (qγµTAq)(uγµT

Au) O`edq (`e)(dq)

O(1)
qd (qγµq)(dγµd) O(1)

`equ (`
r
e)εrs(q

su)

O(8)
qd (qγµTAq)(dγµT

Ad) O(3)
`equ (`

r
σµνe)εrs(q

sσµνu)

O(1)
quqd (qru)εrs(q

sd)

O(8)
quqd (qrTAu)εrs(q

sTAd)

Table 4. SMEFT four-fermion baryon number conserving operators.
Fermion family indices are omitted.

B and L violating

Oduq εαβγεrs
[
(dα)TC uβ)

] [
(qγr)TC `s

]
Oqqu εαβγεrs

[
(qαr)TC qβs)

] [
(uγ)TC e

]
Oqqq εαβγεrsεpt

[
(qαr)TC qβs)

] [
(qγp)TC `t

]
Oduu εαβγ

[
(dα)TC uβ)

] [
(uγ)TC e

]
Table 5. SMEFT four-fermion baryon number violating operators.
Fermion family indices are omitted. Greek and latin indices denote color
and weak isospin, respectively.

The precise sense in which Warsaw basis operators are independent is the following:
none of the operators in Tables 2-5 can be obtained from the remaining ones by taking
linear combinations, adding a total divergence, or applying smooth �eld rede�nitions (as
its name suggests, the Warsaw basis is also complete, in the sense that any dimension
six operator can be obtained from Warsaw basis operators by means of these three
operations). The last requirement follows from a well known theorem [55, 56] which
states that for any smooth transformation φ 7→ F (φ) of the coordinate �elds φ, the two
quantum lagrangians L and L′ = L ◦ F give rise to the same physical S matrix.

To conclude this Section, we observe that the SMEFT formalism we have just de-
scribed allows one to obtain low energy parametrizations of, virtually, any SM extension
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by heavy new �elds. The procedure by which one can pass from a high-energy ultravio-
let complete model to the low-energy SMEFT description is called matching, and is the
object of the next Section.

1.2. Computing with EFTs: theory matching

The standard matching of EFTs enforces the physical equivalence between an high-
energy theory and an e�ective theory with a reduced number of light degrees of freedom,
by requiring equality between the Green's functions3 of light �elds computed in the two
theories at a �xed renormalization scale µ. The latter is typically chosen to be close to
the typical mass scale M of the �elds being integrated out4, to ensure that the matching
conditions can be computed perturbatively, as l-loop diagrams can contribute to the
matching equations with terms proportional to (4π)−l ln(µ/M)l−i for i = 0, 1, . . . , l [57].

In practice, it is su�cient to enforce matching for the so-called 1-Light-Particle Irre-
ducible (1LPI) Green's functions of the light �elds, which are de�ned as sums of connected
Feynman graphs which do not have a single line cut corresponding to an internal light
�eld exchange. At a �xed maximal power M−k in the EFT expansion, only a �nite
number of 1LPI Green's function receive contributions from integrating out the heavy
�elds in the high-energy theory, and each of these gives rise to an independent matching
equation for the Wilson coe�cients of EFT operators of dimension d ≤ 4+k. Concretely,
a sample computation would go as follows [57,58]:

(1) Compute the 1LPI Green's function in the high-energy theory, expanding in
powers of 1

M
up to the desired order.

(2) Compute the same function in the EFT, including the contributions from e�ec-
tive operators with unknown (as yet) Wilson coe�cients.

(3) Equate the two results.

It goes without mention that steps 1 and 2 above can usually be carried out only in a
perturbative fashion, i.e. expanding the corresponding Green's function to a �xed loop
order (which should be the same in the high-energy and e�ective theories). The output
of this procedure is the full list of EFT Wilson coe�cients at the given loop accuracy,
which are usually reported in a standard basis, such as the Warsaw basis for SMEFT
dimension-six operators.

Adopting a standard operator basis is useful for communicating the �nal results of an
EFT calculation in a compact and unambiguous manner. That said, the diagrammatic

3This is actually stronger than requiring the equality of (physical) S-matrix elements, but does not
imply a loss in generality. In fact, given a theory with lagrangian L(φ,Φ), where φ and Φ denote the
set of light and heavy �elds respectively, we can always de�ne a low-energy theory by the lagrangian:

LEFT(φ) = log

{ˆ
DΦ exp [L(φ,Φ)]

}
.

By construction, LEFT and L give rise to the same φ Green's functions, and the scale separation
between φ and Φ �elds ensures that LEFT can be expanded in a series of local operators.

4We assume here that there exists only one such scale. In the presence of several scalesM1 �M2 �
· · · �Mn with sizable separations, the matching is usually performed in a sequential fashion, connecting
the various scalesMi andMi+1 using the renormalization group �ow of the intermediate EFTs resulting
from the procedure.
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matching calculations described above are most naturally performed using a larger e�ec-
tive operator basis, which I will refer to as the Green's basis, following the terminology of
Ref. [59]. In de�ning Green's basis operators, we drop the requirement of independence
under �eld rede�nitions; the Green's basis is the correct operator menu to be used in
the second step of the matching procedure described above, since there exists a bijective
linear correspondence between dimension-d Green's operators and Green's functions.

1.3. Advanced matching methods

Simplifying EFT calculations can provide great help to BSM phenomenologists, by
accelerating the process of model building and evaluation. There are two main possible
sources of simpli�cation, namely: mathematical methods and automation.

On the mathematical side, the problem of SMEFT tree-level matching up to dimension-
six terms was completely solved in Ref. [60], which provided the complete dictionary of
SMEFT contributions for all possible tree-level mediators. The key observation behind
this work is that, for any �xed maximal e�ective operator dimension, the number of extra
�elds and couplings which can give rise to SMEFT operators at low energies is �nite, so
that the program of Ref. [60] can, at least in principle, be carried out up to any e�ective
operator dimension.

Unfortunately, such a simpli�cation no longer occurs for ` ≥ 1-loop contributions, in
which case more general methods are required. In particular, functional methods (fo-
cusing on Green's function generating functionals) have provided signi�cant advances in
the context of one-loop computations, the latest approaches being based on the so-called
Universal One-Loop E�ective Action (UOLEA) [61], which generalises methods based on
the Covariant Derivative Expansion (CDE) [62], but whose formalism is still incomplete
(see Ref. [61] and references therein for a recent discussion, and for an application of the
UOLEA formalism).

Concerning automated methods, many general tools aimed at simplifying EFT calcu-
lations are already available (for a comprehensive review, see [63] and references therein).
For the speci�c task of EFT matching, however, the tool-set is still for a large part under
development. We cite here the software packages mentioned in Ref. [63]:

• MatchingTools [64], a Python library providing support for tree-level matching
of generic �eld theories (i.e. not restricted by the SM gauge group and �eld
content). This package was used, in particular, for an extensive check of the
analytic results provided by Ref. [60] mentioned earlier.
• CoDEx [65], a Mathematica package devoted to SMEFT matching at one-loop
and up to dimension-six operators. CoDEx is based on the Covariant Derivative
Expansions, and the latest release (v1.0.0) by the time of this writing can cor-
rectly handle only one-loop diagrams not involving light internal particles in the
loop.
• MatchMaker [63], a work-in-progress Python package whose primary purpose is,
again, the complete SMEFT one-loop matching (with the grand goal of extend-
ing the tool-set to arbitrary �eld theories). Unfortunately, by the time of this
writing, no further update on the progress status of MatchMaker is available.
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To conclude, both mathematical and computer-based methods for EFT calculations still
o�er large room for improvement, and progress in this area could de�nitely provide
precious help in our meandering search for BSM signals.



CHAPTER 2

A case study: the S1 + S3 Leptoquark model

This Chapter discusses my contribution [44], in collaboration with D. Marzocca and
E. Venturini, in which we performed the complete SMEFT one-loop matching for the
S1 + S3 leptoquark model, up to dimension-six (leading order) in the EFT expansion.

This model has received attention from the phenomenology community during recent
years, as one of the most promising candidates for the solution of so-called (neutral-
and charged-current) B-anomalies, which will be the central subject of Part II of this
Thesis. As was recently realized, the model can also (simultaneously) provide a good
�t to the long-standing muon (g − 2)µ discrepancy [44], while giving rise to additional
further predictions (for e.g. Lepton Flavor Violating observables) which are compatible
with current bounds, but in the ball-park of future prospects. All in all, the S1 + S3

model o�ers a particularly intriguing New Physics scenario, which is fully amenable to
the EFT analysis discussed in the previous Chapter.

Beyond its phenomenological interest, Ref. [44] provides one of the very few exam-
ples of complete SMEFT one-loop matchings, performed in the standard diagrammatic
way, available in the literature. In [66,67] the one-loop matching for bosonic SMEFT
operators from integrating out sfermions in the MSSM is derived, Refs. [59,61] perform
the complete one-loop matching for a singlet scalar (see also [68]), and [69] considers the
SM with an additional light sterile neutrino and heavy fermions and a scalar singlet. The
model considered in Ref. [44], with two coloured and weakly-charged states coupled to all
SM particles with non-trivial �avour structures, represents a very rich example of such a
matching. In hindsight, results of this kind will be of value as important cross-checks for
more advanced matching techniques, including functional- and even computer-based ap-
proaches (some ongoing work in this direction was mentioned in Sec. 1.3). Indeed, given
the relevance of the subject to model building, automating (or, at least, simplifying) EFT
calculations has a great potential for streamlining the work of many phenomenologists,
and establishing a set of (reasonably complex) test cases is an unavoidable step in the
process of building these more sophisticated tools.

The complete one-loop matching presented in this Chapter allows for in-depth phe-
nomenological analyses of the leptoquark model. In Part II, Chapter 4, we will describe
in detail the phenomenology of the S1 + S3 model, as a potential combined solution of
the B-decay anomalies and the muon (g − 2)µ discrepancy.

2.1. The S1 + S3 model

The UV model under consideration is de�ned by the SM gauge group and �eld con-
tent, with the addition of two colored scalar leptoquarks :

18
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S1 ∼
(
3, 1

)
1/3
, S3 ∼

(
3, 3

)
1/3
, (2.1.1)

where in parenthesis we indicate the S1,3 representations under (SU(3)c, SU(2)L)U(1)Y
.

At the renormalizable level, the two additional scalars directly couple to SM fermions
through the Yukawa terms:(

(λ1L)iαq
c
iε`α + (λ1R)iαu

c
ieα
)
S1 + (λ3L)iαq

c
iσ

Iε`αS
I
3 , (2.1.2)

(hence the name �leptoquarks�). The couplings in Eq. (2.1.2) by themselves do not imply
a violation of baryon or lepton number conservation, as can be seen by the S1/3 lepton
and baryon number assignments:

(LS, BS) =

(
−1,+

1

3

)
. (2.1.3)

On the other hand, the following additional �diquark� operators are also allowed by gauge
invariance:

uid
c
jS1, qiq

c
jS1, qiεσ

IqcjS
I
3 , (2.1.4)

which violate baryon number conservation according to Eq. (2.1.3), and may lead, e.g.,
to proton decay. As a consequence, since the phenomenological motivations mentioned
above require the introduction of relatively low-scale NP degrees of freedom (of order
O(TeV), say), baryon and lepton number conservation is actually postulated a priori1,
along with Eq. (2.1.3), which allows the leptoquark couplings (2.1.2) but forbids the
diquark ones, Eq. (2.1.4). Finally, the addition of S1/3 also gives rise to a scalar potential:

VS = M2
1 |S1|2 +M2

3 |S3|2 + ∆VS(S1, S3, H), (2.1.5)

where ∆VS denotes trilinear and tetralinear terms in the S1/3 and Higgs �elds, which we
omit here for brevity (the full expression is reported in Sec. 2.5).

The leptoquark couplings in Eq. (2.1.2), as well as the omitted potential couplings in
Eq. (2.1.5)) are assumed to be in the perturbative regime2, so that theory quantities such
as Green's functions admit a sensible perturbative expansion, which, following standard
arguments [72], is equivalent to a loop-wise expansion in Feynman graph calculations.
Assuming the leptoquark masses M2

1 and M2
3 to be of similar order of magnitude (and,

of course, large with respect to the electroweak scale), it is easy3 to obtain the tree-level,

1See Ref. [70] for an extended gauge model involving S1 and S3, in which lepton and baryon number
are accidental symmetries, as in the SM.

2See Ref. [71] for an analysis of perturbativity bounds from unitarity principles.
3These can be easily obtained by replacing S1 and S3 in the leptoquark model's lagrangian with the

corresponding solutions (in terms of SM �elds) of the classical Equations Of Motion (EOM). In doing
this, one should take into account the following simpli�cations, which reduce the problem at hand to
linear algebra:

(1) Terms in the scalar potential (2.1.5) which are not quadratic in S1/3 do not contribute to
tree-level matching at leading dimension, and can be safely omitted from the EOM.

(2) Covariant derivative terms (i.e. |DµS1,3|2) from the kinetic lagrangian also give rise to higher
(≥ 8) dimensional operators, and can be disregarded for the purpose of tree-level matching.
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dimension-six SMEFT matching conditions for the (lepton-baryon number conserving)
S1 + S3 model: [

C
(1)
`q (µ)

](0)

αβij
=
λ1L∗
iα λ1L

jβ

4M2
1

+ 3
λ3L∗
iα λ3L

jβ

4M2
3

, (2.1.6)[
C

(3)
`q (µ)

](0)

αβij
= −

λ1L∗
iα λ1L

jβ

4M2
1

+
λ3L∗
iα λ3L

jβ

4M2
3

, (2.1.7)[
C

(1)
`equ(µ)

](0)

αβij
=
λ1L∗
iα λ1R

jβ

2M2
1

, (2.1.8)[
C

(3)
`equ(µ)

](0)

αβij
= −

λ1L∗
iα λ1R

jβ

8M2
1

, (2.1.9)

[
C(1)
eu (µ)

](0)

αβij
=
λ1R∗
iα λ1R

jβ

2M2
1

. (2.1.10)

The Wilson coe�cient notation refers to the Warsaw basis (Tables 2-5). The su�xes (0)

indicate the accuracy (in terms of loop orders, here zero) of Eqs. (2.1.6)-(2.1.10), and
the RG sliding scale µ is assumed to be close in magnitude to M2

1,3 (the running UV
couplings in the right-hand sides of Eqs. (2.1.6)-(2.1.10) are understood to be evaluated
at the same scale).

2.2. One-loop matching

In general, taking perturbativity as given, Wilson coe�cients admit a loop-wise ex-
pansion of the form:

CO(µ) = CO(µ)(0) +
1

(4π)2
CO(µ)(1) +

1

(4π)4
CO(µ)(2) + · · · . (2.2.1)

Going beyond the tree-level matching, apart from the (obviously) increased computa-
tional complexity, a few other technicalities need to be taken into account:

(1) Loop computations require the introduction of a renormalization scheme, which
must be entirely speci�ed along with the �nal (renormalized) results. We employ
the MS scheme with the Naive Dimensional Regularization (NDR) prescription
for analytically extending Dirac matrices to arbitrary real dimensions d = 4−2ε.
Furthermore, all computations are performed in a generic Rξ gauge, in order to
check for the expected elision of ξ-dependencies in the Wilson coe�cients of
gauge invariant operators.

(2) A further scheme-dependence can (and does, in our case) arise from the pre-
scriptions adopted for evanescent operators [73], which are Dirac operators that
vanish in four dimension, but may be non-vanishing in d = 4−2ε4. We follow the

4An instructive example is given by the two Dirac tensors:

E1 = PLγ
µγνPL ⊗ PLγµγνPL − 4PL ⊗ PL + PLσ

µνPL ⊗ PLσµνPL,
E2 = PLγ

µγνPL ⊗ PRγµγνPR − 4PL ⊗ PR.
Following the NDR prescription for the Dirac algebra in dimension d = 4− 2ε:

{γµ, γν} = 2ηµν ,
{
γµ, γ5

}
= 0, Tr(η) = 4− 2ε,
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conventions of Ref. [74], keeping the scheme-de�ning coe�cients {aev, bev, ...}
arbitrary in our computations (in practice, the only coe�cient entering one-loop
computations is aev).

(3) As discussed in Sec. 1.2, diagrammatic matching computations are naturally
performed in the Green's basis. An important result of Ref. [44] was thus (i) to
classify all SMEFT dimension-six Green's basis operators, and (ii) to provide a
set of (linear) reduction equations which allow to pass from the Green's basis to
the standard Warsaw basis, after �eld rede�nition redundancy is properly taken
into account.

(4) Integrating out the leptoquarks at one loop also generates contributions to SM
renormalizable operators and, in particular, fermion kinetic terms. Such modi-
�cations can be undone by suitable �eld and SM coupling rede�nitions, which
however also introduce additional contributions to tree-level generated WCs5.
In our case only fermion kinetic terms (i.e. wave-functions renormalizations) are
relevant, as the tree-level WCs in Eqs. (2.1.6)-(2.1.10) do not depend on any SM
coupling. The one-loop formulas below include the contributions due to fermion
�eld renormalization.

In what follows we illustrate the diagrammatic matching steps with a fully detailed
example, and subsequently review the procedures used in Ref. [44] to obtain a dimension-
six SMEFT Green's basis and the corresponding equations for reduction onto the Warsaw
basis. For additional details, including the �nal complete results for the SMEFT Wilson
coe�cients of the S1 + S3 model, we address the reader to the original reference [44].

2.3. One-loop matching example

In this Section we discuss in some details the matching of a speci�c Green's function,
in order to illustrate some of the most relevant aspects of our computation.

one can easily work out the result E1 = −2εPL ⊗ PL. However, the operator E2 is not univocally �xed
by the NDR rules, and E2 is usually expressed in terms of canonical Dirac tensors as follows [74]:

E2 = 4aevεPL ⊗ PR + E
(2)
LR(aev),

where the actual form of E(2)
LR(aev) in the right-hand side depends on the value of aev, which is completely

arbitrary and should be regarded as part of the regularization scheme (for aev = − 1
2 one gets E(2)

LR(aev) =

PLσ
µνPL ⊗ PRσµνPR, cf. Ref. [74]).
5Since �eld rede�nitions arise at one loop in our model, only tree-level WCs are a�ected. In gen-

eral, any tree-level shift in SM couplings and wave-function renormalizations that could in�uence loop-
generated coe�cients should be taken into account, see e.g. [59].
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eβ eα

H H

uj ui

qk qk

uj ui

uj
eαeβ

eβ eα eαeβ

H H H H HH

S1

S1 S1+ +=

Figure 2.3.1. Diagrams of the matching of the 〈eeHH†〉 Green's function.

Let us consider the o�-shell Green's function G ≡ 〈eβ(p1)ēα(p2)Hb(q1)H†a(q2)〉, where
all momenta are incoming and a, b are SU(2)L indices. The matching conditions for this
correlator are depicted diagrammatically in Fig. 2.3.1, where the left and right hand-side
show the EFT and UV contributions, respectively. We brie�y comment on the various
steps of this computation.

We begin by listing the various contributions to G, both in the SMEFT and the
leptoquark model. The SMEFT operators which contribute at tree level to G are (cf.
Table 2 for the notation):

[OHe]αβ = (ēαγ
µeβ)(H†i

←→
D µH), (2.3.1)

[O′He]αβ = (ēαiγµ
←→
Dµeβ)(H†H), (2.3.2)

[O′′He]αβ = (ēαγ
µeβ)∂µ(H†H) (2.3.3)

Moreover, we must take into account a one-loop contribution from Oeu, which is
generated at the tree-level in our model according to Eq. (2.1.10). Since this tree-level
WC is �xed, the matching of G allows us to �x the coe�cients of the operators in Eqs.
(2.3.1)-(2.3.3), see the left-hand side of Fig. 2.3.1. In the leptoquark model there are
two diagrams contributing to G, both mediated by S1, shown on the right-hand side of
Fig. 2.3.1: a box diagram proportional to (schematically) yUy

†
Uλ

1Rλ1R†, and a triangle
diagram proportional to λH1λ

1R†λ1R (the coupling λH1 is de�ned in Eq. (2.5.1)).
By total momentum conservation, only three out of the four momenta p1, p2, q1, q2

are independent. Writing (p1, p2, q1, q2) = (p − r, −p − r, q + r, −q + r), the tree-level
contributions from the operators in Eqs. (2.3.1)-(2.3.3) read:

[GtreeEFT(µM)]αβ = 2/q[GHe(µM)]αβ + 2/p[G
′
He(µM)]αβ − 2i/r[G′′He(µM)]αβ (2.3.4)

where we drop here and below a global δab factor, and we denote Green's basis WCs by
Gi. The UV and EFT one-loop contributions are more easily computed when only one
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of the independent momenta p, q, r is non-vanishing, and yield respectively:[
G1-loopUV (µM)

]q=r=0

αβ
= −/p

Nc(λ
1R†yTUy

∗
Uλ

1R)αβ
(4π)22M2

1

+ /p
NcλH1(λ1R†λ1R)αβ

(4π)22M2
1

, (2.3.5)[
G1-loopUV (µM)

]p=r=0

αβ
= −/q

Nc(λ
1R†yTUy

∗
Uλ

1R)αβ
(4π)2M2

1

log
−q2

M2
1

, (2.3.6)[
G1-loopUV (µM)

]p=q=0

αβ
= 0 (2.3.7)

and [
G1-loopEFT (µM)

]q=r=0

αβ
= 0 (2.3.8)[

G1-loopEFT (µM)
]p=r=0

αβ
= /q

Nc(λ
1R†yTUy

∗
Uλ

1R)αβ
(4π)2M2

1

(
1 + log

µ2
M

−q2

)
(2.3.9)[

G1-loopEFT (µM)
]p=q=0

αβ
= 0, (2.3.10)

where we employed the tree-level value of [Ceu]
(0)
αβ given in Eq. (2.1.10). Notice that the

EFT computation presents an ultraviolet divergence, which we regulate in the MS scheme
at renormalization scale µM . On the other hand, on the basis of renormalizability, the
UV contribution must be (and is) �nite. Finally, both EFT and UV diagrams present an
infrared divergence, corresponding to the log(−q2) terms in Eqs. (2.3.6) and (2.3.9). The
agreement of these two terms, which is guaranteed by the EFT construction, provides a
further check of validity of the computation.

Requiring GEFT(µM) = GUV(µM), we �nally obtain the matching conditions:

[GHe(µM)]αβ = −Nc(λ
1R†yTUy

∗
Uλ

1R)αβ
32π2M2

1

(
1 + log

µ2
M

M2
1

)
[G′He(µM)]αβ = −Nc(λ

1R†yTUy
∗
Uλ

1R)αβ
64π2M2

1

+
NcλH1(λ1R†λ1R)αβ

64π2M2
1

[G′′He(µM)]αβ = 0

As a cross-check, we observe that the µM dependence of [GHe(µM)]αβ corresponds to the
SMEFT RG running of CHe due to Ceu [75]

(4π)2µ
d[CHe]αβ

dµ
= −2Nc[Ceu]αβij(y

T
Uy
∗
U)ij,

once Eq. (2.1.10) is taken into account.

2.4. A SMEFT dimension-six Green's basis

As discussed in Sec. 1.2, a Green's basis of �xed dimension d consists of a maximal
set of d-dimensional operators independent by linear combinations and addition of total
divergences. The strategy used in Ref. [44] for obtaining a SMEFT dimension-six Green's
basis is mainly a re-adaptation of the line of reasoning of Ref. [52] (to which we refer
the reader for further clari�cation), with the important exception that �eld rede�nitions
are not allowed for removing operator redundancies. We simply examine all possible
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Lorentz-invariant combinations of gauge �eld strengths, covariant derivatives, Standard
Model fermions and the Higgs �eld, denoted X, D, ψ and H respectively. Tables 1-4 list
the operators of a dimension-six SMEFT Green's basis obtained in this way, de�ned in
such a way that the Warsaw basis forms a proper subset of it.

X3 X2H2 H2D4

O3G fABCGAν
µ GBρ

ν GCµ
ρ OHG GA

µνG
Aµν(H†H) ODH (DµD

µH)†(DνD
νH)

O3G̃ fABCG̃Aν
µ GBρ

ν GCµ
ρ OHG̃ G̃A

µνG
Aµν(H†H) H4D2

O3W εIJKW Iν
µ W Jρ

ν WKµ
ρ OHW W I

µνW
Iµν(H†H) OH� (H†H)�(H†H)

O3W̃ εIJKW̃ Iν
µ W Jρ

ν WKµ
ρ OHW̃ W̃ I

µνW
Iµν(H†H) OHD (H†DµH)†(H†DµH)

X2D2 OHB BµνB
µν(H†H) O′HD (H†H)(DµH)†(DµH)

O2G −1
2
(DµG

Aµν)(DρGA
ρν) OHB̃ B̃µνB

µν(H†H) O′′HD (H†H)Dµ(H†i
←→
D µH)

O2W −1
2
(DµW

Iµν)(DρW I
ρν) OHWB W I

µνB
µν(H†τ IH) H6

O2B −1
2
(∂µB

µν)(∂ρBρν) OHW̃B W̃ I
µνB

µν(H†τ IH) OH (H†H)3

H2XD2

OWDH DνW
Iµν(H†i

←→
D I

µH)

OBDH ∂νB
µν(H†i

←→
D µH)

Table 1. Bosonic Green's basis operators. Operators colored in blue are
also included in the Warsaw basis.
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ψ2D3 ψ2XD ψ2DH2

OqD i
2
q
{
DµD

µ, /D
}
q OGq (qTAγµq)DνGA

µν O(1)
Hq (qγµq)(H†i

←→
D µH)

OuD i
2
u
{
DµD

µ, /D
}
u O′Gq 1

2
(qTAγµi

←→
D νq)GA

µν O′(1)
Hq (qi

←→
/D q)(H†H)

OdD i
2
d
{
DµD

µ, /D
}
d O′

G̃q

1
2
(qTAγµi

←→
D νq)G̃A

µν O′′(1)
Hq (qγµq)∂µ(H†H)

O`D i
2
`
{
DµD

µ, /D
}
` OWq (qτ Iγµq)DνW I

µν O(3)
Hq (qτ Iγµq)(H†i

←→
D I

µH)

OeD i
2
e
{
DµD

µ, /D
}
e O′Wq

1
2
(qτ Iγµi

←→
D νq)W I

µν O′(3)
Hq (qi

←→
/D Iq)(H†τ IH)

ψ2HD2 + h.c. O′
W̃ q

1
2
(qτ Iγµi

←→
D νq)W̃ I

µν O′′(3)
Hq (qτ Iγµq)Dµ(H†τ IH)

OuHD1 (qu)DµD
µH̃ OBq (qγµq)∂νBµν OHu (uγµu)(H†i

←→
D µH)

OuHD2 (qiσµνD
µu)DνH̃ O′Bq 1

2
(qγµi

←→
D νq)Bµν O′Hu (ui

←→
/D u)(H†H)

OuHD3 (qDµD
µu)H̃ O′

B̃q

1
2
(qγµi

←→
D νq)B̃µν O′′Hu (uγµu)∂µ(H†H)

OuHD4 (qDµu)DµH̃ OGu (uTAγµu)DνGA
µν OHd (dγµd)(H†i

←→
D µH)

OdHD1 (qd)DµD
µH O′Gu 1

2
(uTAγµi

←→
D νu)GA

µν O′Hd (di
←→
/D d)(H†H)

OdHD2 (qiσµνD
µd)DνH O′

G̃u

1
2
(uTAγµi

←→
D νu)G̃A

µν O′′Hd (dγµd)∂µ(H†H)

OdHD3 (qDµD
µd)H OBu (uγµu)∂νBµν OHud (uγµd)(H̃†iDµH)

OdHD4 (qDµd)DµH O′Bu 1
2
(uγµi

←→
D νu)Bµν O(1)

H` (`γµ`)(H†i
←→
D µH)

OeHD1 (`e)DµD
µH O′

B̃u

1
2
(uγµi

←→
D νu)B̃µν O′(1)

H` (`i
←→
/D `)(H†H)

OeHD2 (`iσµνD
µe)DνH OGd (dTAγµd)DνGA

µν O′′(1)
H` (`γµ`)∂µ(H†H)

OeHD3 (`DµD
µe)H O′Gd 1

2
(dTAγµi

←→
D νd)GA

µν O(3)
H` (`τ Iγµ`)(H†i

←→
D I

µH)

OeHD4 (`Dµe)D
µH O′

G̃d

1
2
(dTAγµi

←→
D νd)G̃A

µν O′(3)
H` (`i

←→
/D I`)(H†τ IH)

ψ2XH + h.c. OBd (dγµd)∂νBµν O′′(3)
H` (`τ Iγµ`)∂µ(H†H)

OuG (qTAσµνu)H̃GA
µν O′Bd 1

2
(dγµi

←→
D νd)Bµν OHe (eγµe)(H†i

←→
D µH)

OuW (qσµνu)τ IH̃W I
µν O′

B̃d

1
2
(dγµi

←→
D νd)B̃µν O′He (ei

←→
/D e)(H†H)

OuB (qσµνu)H̃Bµν OW` (`τ Iγµ`)DνW I
µν O′′He (eγµe)∂µ(H†H)

OdG (qTAσµνd)HGA
µν O′W`

1
2
(`τ Iγµi

←→
D ν`)W I

µν ψ2H3 + h.c.

OdW (qσµνd)τ IHW I
µν O′

W̃ `

1
2
(`τ Iγµi

←→
D ν`)W̃ I

µν OuH (H†H)qH̃u

OdB (qσµνd)HBµν OB` (`γµ`)∂νBµν OdH (H†H)qHd

OeW (`σµνe)τ IHW I
µν O′B` 1

2
(`γµi

←→
D ν`)Bµν OeH (H†H)`He

OeB (`σµνe)HBµν O′
B̃`

1
2
(`γµi

←→
D ν`)B̃µν

OBe (eγµe)∂νBµν

O′Be 1
2
(eγµi

←→
D νe)Bµν

O′
B̃e

1
2
(eγµi

←→
D νe)B̃µν

Table 2. Two-fermion Green's basis operators. Operators colored in blue
are also included in the Warsaw basis. Fermion family indices are omitted.
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Four quark Four lepton Semileptonic

O(1)
qq (qγµq)(qγµq) O`` (`γµ`)(`γµ`) O(1)

`q (`γµ`)(qγµq)

O(3)
qq (qγµσIq)(qγµσ

Iq) Oee (eγµe)(eγµe) O(3)
`q (`γµσI`)(qγµσ

Iq)

Ouu (uγµu)(uγµu) O`e (`γµ`)(eγµe) Oeu (eγµe)(uγµu)

Odd (dγµd)(dγµd) Oed (eγµe)(dγµd)

O(1)
ud (uγµu)(dγµd) Oqe (qγµq)(eγµe)

O(8)
ud (uγµTAu)(dγµT

Ad) O`u (`γµ`)(uγµu)

O(1)
qu (qγµq)(uγµu) O`d (`γµ`)(dγµd)

O(8)
qu (qγµTAq)(uγµT

Au) O`edq (`e)(dq)

O(1)
qd (qγµq)(dγµd) O(1)

`equ (`
r
e)εrs(q

su)

O(8)
qd (qγµTAq)(dγµT

Ad) O(3)
`equ (`

r
σµνe)εrs(q

sσµνu)

O(1)
quqd (qru)εrs(q

sd)

O(8)
quqd (qrTAu)εrs(q

sTAd)

Table 3. Baryon and lepton number conserving four-fermion Green's ba-
sis operators. All operators are included in the Warsaw basis. Fermion
family indices are omitted. Indices r, s, p, t, ... denote the SU(2)L funda-
mental representations.

B and L violating

Oduq εαβγεrs
[
(dα)TC uβ)

] [
(qγr)TC `s

]
Oqqu εαβγεrs

[
(qαr)TC qβs)

] [
(uγ)TC e

]
Oqqq εαβγεrsεpt

[
(qαr)TC qβs)

] [
(qγp)TC `t

]
Oduu εαβγ

[
(dα)TC uβ)

] [
(uγ)TC e

]
Table 4. Baryon and lepton number violating four-fermion Green's ba-
sis operators. All operators are included in the Warsaw basis. Fermion
family indices are omitted. Indices r, s, p, t, ... and a, b, c, ... denote the
SU(2)L and SU(3)c fundamental representations, respectively. C is the
Dirac charge conjugation matrix.
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In order to obtain the reduction equations from the Green's to the Warsaw basis,
one must apply the SM equations of motion [52] to the additional (not marked in blue)
Green's operators in Tables 1-4, which results in a set of linear equations in the form
Ci =

∑
j aijGj, where Ci and Gj are the Warsaw and Green's basis Wilson coe�cients,

respectively, and the aij are functions of SM couplings. The full set of aij coe�cients is
available from our original reference [44].

2.5. Appendix: S1 + S3 scalar potential

We report here, for completeness, the expression of the S1 + S3 scalar potential used
in Ref. [44]:

V = M2
1 |S1|2 +M2

3 |S3|2 + (2.5.1)

+ λH1|H|2|S1|2 + λH3|H|2|SI3 |2 +
(
λH13(H†σIH)SI†3 S1 + h.c.

)
+

+ λεH3iε
IJK(H†σIH)SJ†3 SK3 +

+
c1

2
(S†1S1)2 + c

(1)
13 (S†1S1)(S†3S3) + c

(8)
13 (S†1T

AS1)(S†3T
AS3)+

+
c

(1)
3

2
(S†3S3)(S†3S3) +

c
(3)
3

2
(SI†3 ε

IJKSJ3 )(SL†3 εLMKSM3 )+

+
c

(5)
3

2

[
(SI†3 S

J
3 )(SI†3 S

J
3 ) + (SI†3 S

J
3 )(SJ†3 SI3)

2
− 1

3
(S†3S3)(S†3S3)

]
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CHAPTER 3

Introduction

The rich variety of phenomena predicted by the SM is due, to a large extent, to
its non-trivial �avour structure. The particular �avour patterns in physical observables
predicted by the SM can be turned into a powerful probe of NP interactions, which are
a priori restricted by no means to follow the same SM patterns. In this Chapter, we
discuss a set of experimental results, collectively known as B-anomalies, which put into
question SM predictions precisely from this point of view.

3.1. Low-energy implications of SM �avour

The phenomenological peculiarities of SM quarks and leptons originate from the
Yukawa part of the SM lagrangian (cf. Eq. (1.1.2)):

LyukSM = −(yU)ijqiH̃uj − (yD)ijqiHdj − (yE)αβ`αHeβ + h.c.. (3.1.1)

In the absence of these terms the whole SM would be symmetric under a global �avour
symmetry group:

GF = U(3)5 ≡ U(3)q × U(3)u × U(3)d × U(3)` × U(3)e, (3.1.2)

which acts by independent unitary transformations of the SM electroweak multiplets:

ψn
GF7→ (Uψ) m

n ψm (ψ = q, u, d, `, e). (3.1.3)

It is the breaking of GF induced by LyukSM which gives rise to the actual properties of
quarks and leptons which we observe in low-energy experiments. For convenience, we
will discuss separately the breakings of the quark U(3)3

Q ≡ U(3)q × U(3)u × U(3)d and
lepton U(3)2

L ≡ U(3)` × U(3)e part of GF .
Concerning the quark sector, we can assume without loss of generality that the

Yukawa matrices yU,D take the following forms1:

yD = diag(yd, ys, yb), yU = V †diag(yu, yc, yt), (3.1.4)

where V can be identi�ed with the Cabibbo-Kobayashi-Maskawa (CKM) matrix, and
the singular values y• are proportional to quark masses. The minimal residual symmetry
group resulting from Eqs. (3.1.4) is a U(1)B group, whose corresponding conserved charge
is the total baryon number B, and this is what is actually realized in Nature: since all
quark masses are di�erent, and V is experimentally known to be non-trivial (i.e. not

1The special forms in Eq. (3.1.4) can always be achieved through an appropriate rede�nition of
the basic quark �elds q, u, d (this is sometimes referred to in the literature as the �down-quark basis�).
The �eld rede�nition can be made to employ GF transformations only, which, by de�nition of GF itself,
leave the rest of the SM lagrangian invariant.
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equivalent to the identity matrix), the only subgroup of GF which leaves yD and yU
simultaneously invariant consists of U(1) transformations of the form:

q → eiαq, u→ eiαu, d→ eiαd. (3.1.5)

Quark masses m• ∝ y• and mixing parameters contained in the CKM matrix V give rise
to the di�erent phenomenological properties of the six (up and down) quarks.

A corresponding discussion for the lepton sector is unavoidably made somewhat
fuzzier by our limited knowledge regarding the mechanism generating neutrino masses.
The charged lepton Yukawa matrix in Eq. (3.1.1) can, again without loss of generality,
be taken to be diagonal:

yE = diag(ye, yµ, yτ ), (3.1.6)

and the resulting minimal residual symmetry group is U(1)e × U(1)µ × U(1)τ , whose
corresponding conserved charges are the total numbers of electrons, muons and tauons.
Here, the only source of breaking of the original U(3)2

L are the di�erences in lepton
masses me,µ,τ ∝ ye,µ,τ . This description is, of course, incomplete, for it does not take into
account neutrino masses and mixings, whose well-established measurements [76] provide
conclusive evidence for the violation of individual (�avour speci�c) lepton numbers, and
arguably also hint to total lepton number violation [54]. However, the extra (external
to the SM) sources of this further breaking are expected to be feebly coupled to the
SM, either because of heavy mediators or small couplings, as suggested by the extreme
smallness of neutrino masses. As a consequence, in many experimental settings, the SM
description with massless neutrinos is su�cient for all practical purposes.

An important SM prediction concerning leptonic �avour observables is Lepton Flavor
Universality (LFU), which is the mere observation that the full leptonic U(3)2

L symmetry
is restored in the limit of vanishing lepton masses2. Such a symmetry manifests itself in
actual experiments as a degeneracy in physical processes involving di�erent charged lep-
tons and/or neutrinos in their �nal state. As a relevant example, consider the di�erential
branching fractions:

d

dq2
Br(B → K`+`−), (` = e, µ), (3.1.7)

where q2 denotes the invariant mass of the charged lepton pair. This process is at the
core of neutral current B-anomalies, which we discuss below. For su�ciently large q2,
say q2 ≥ (1GeV)2, the �nal state lepton masses are practically negligible, and it turns
out that:

d

dq2
Br(B → Ke+e−) ≈ d

dq2
Br(B → Kµ+µ−) (3.1.8)

(we will formalize the approximate equalities in Eq. (3.1.8) in the following Section).

3.1.1. Flavor from symmetries. We make a small digression to discuss some
prominent ideas connected with the SM �avour structure, and with the quark sector
in particular. Explaining the SM �avour structure is the main topic of Chapter 6, but
the ideas presented here also play an important role in model building for SM deviations.

2The same observation is, of course, valid for quark �avour observables. For example, the SM decay
widths Γ(Z → qq) are essentially equal for all light down quarks q = d, s, b, an instance of �Down Quark
Flavor Universality�.
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The SM breaking pattern U(3)3
Q → U(1)B, parametrized by quark masses and the

CKM matrix, works remarkably well from the phenomenological point of view, perhaps
beyond reasonable expectations, if one takes the view that there exists NP lying not
too far from the TeV scale, and whose quark �avour structure is completely unrelated
to the SM one. A patent example of this fact is provided by the bounds on NP Wilson
coe�cients coming from ∆F = 2 neutral meson mixing processes [77,78]: if one assumes
arbitrary NP �avour structures, these bounds constrain the ∆F = 2 e�ective operator
scales to orders of magnitude such as 103 ÷ 105 TeV, compared to the 1÷ 102 TeV scales
which are a�ordable for an SM-like �avour structure. The conclusion is that �avour preci-
sion observables (such as ∆F = 2 amplitudes) naturally require low-scale SM extensions
to align, to some extent, to the SM �avour structure.

A theoretically robust way of obtaining such an alignment makes use of �avour sym-
metries : one postulates that some subgroup of U(3)3

Q is an actual high-energy, sponta-
neously broken symmetry group, and tries to correlate the SM and NP �avour structures
by assuming that both these arise from a shared, limited set of �elds with symmetry
breaking expectation values, called �avons. An example is provided by the Minimal Fla-
vor Violation (MFV) framework [79], in which the symmetry group is the whole U(3)3

Q,
and the �avons are the two SM Yukawa matrices themselves, which carry the following
representations:

yU ∼ 3q ⊗ 3u, yD ∼ 3q ⊗ 3d, (U(3)3
Q) (3.1.9)

In MFV, yU and yD are assumed to be the only sources of U(3)3
Q breaking for the SM

and for NP, which provides the desired alignment in, e.g., ∆F = 2 amplitudes. A
less stringent example is provided by U(2)3

Q symmetry [80], which only acts on light
generation fermions. One can again decompose the Yukawa matrices in terms of U(2)3

Q
representations:

yU ∼ 1⊕ 2q ⊕ 2u ⊕ 2q ⊗ 2u, yD ∼ 1⊕ 2q ⊕ 2d ⊕ 2q ⊗ 2d (U(2)3
Q). (3.1.10)

Actually, in the minimal U(2)3
Q setup [81], we can restrict ourselves to the following set

of �avons:

∆u(d) ∼ 2q ⊗ 2u(d), V q ∼ 2q, (3.1.11)

in terms of which the Yukawa matrices are given by:

yU = yt

(
∆u cUV q

0 1

)
, yD = yb

(
∆d cDV q

0 1

)
. (3.1.12)

NP couplings involving quarks must also be expressed in terms of ∆u,d and V q, which
again yields correlations between the SM and NP �avour structure. In fact, for instance,
V q in Eq. (3.1.12) can be shown to be approximately proportional to (V ∗td, V

∗
ts)

T in the
down quark mass basis [81].

The above discussion can be extended as a whole (including the MFV and U(2)
symmetry examples) to the leptonic sector, in which case, however, correlations tend to
be looser than in the quark case, the main source of uncertainty being again the unknown
neutrino mass generation mechanism.
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3.2. The B-meson decay anomalies

The SM provides an excellent description of physical phenomena in a wide range
of energies and scales. Despite no direct evidence for new physics emerged in direct
searches at the LHC, for several years now some low energy measurements continue to
show signi�cant deviations from the respective SM predictions, which fuel the hope that
some New Physics (NP) might be lurking somewhere at the TeV scale. In this Chapter,
we discuss a set of measurements in B-meson decays, which exhibit a very explicit tension
with SM predictions and, in particular, with LFU.

Speci�cally, important deviations from the SM have been observed within the follow-
ing three set of observables:

• The neutral current LFU ratios [26,27,31,33,34,36]:

R(K(∗)) =
Br(B → K(∗)µ+µ−)

Br(B → K(∗)e+e−)

∣∣∣∣
q2∈[1.1, 6]GeV2

. (3.2.1)

Here q2 denotes the invariant mass of the dilepton pairs in the �nal states (more
on this below).
• The di�erential angular distribution in B → K∗µ+µ−, as well as several branch-
ing fractions of b→ sµ+µ− processes [28�30,32,35].
• The charged current LFU ratios [15�25]:

R(D(∗)) =
Br(B → D(∗)τν)

Br(B → D(∗)lν)
(l = µ, e). (3.2.2)

While the muon speci�c observables of the second point provide an important piece of
information for disentangling NP e�ects in b → sµ+µ− and b → se+e− in the R(K(∗))
observables (which, as we will shortly see, both exhibit a de�ciency with respect to SM
predictions), for the present discussion I will mainly focus on the LFU ratios (3.2.1)
and (3.2.2). For these observables, the SM predictions are particularly clean, since the
theoretical uncertainties coming from the hadronic B → D(∗) and B → K(∗) integrated
form factors cancel out in large part in the R(K(∗)) and R(D(∗)) ratios, respectively.

Let us �rst consider the theoretical predictions for Eqs. (3.2.1) and (3.2.2). The SM
predictions for R(K(∗)) are particularly simple:

R(K(∗))SM = 1 (3.2.3)

where the theoretical relative uncertainties, due to neglected electromagnetic corrections,
are of order O(1%) [82] and can be safely ignored for phenomenological purposes. This
simple result can be understood from the viewpoint of LFU: given the considered energy
range (cf. Eq. (3.2.1)), both the �nal state electrons and muons can be e�ectively taken
to be massless; therefore, due to LFU, electrons or muons are both kinematically and
dynamically equivalent in the decay, and the rates for the two di�erent leptonic channels
are equal. As a side note, we observe that the q2 bin in Eq. (3.2.1) is chosen in such
a way that both the ρ (m2

ρ ∼ 0.6GeV2) and J/ψ (m2
J/ψ ∼ 9GeV2) resonances lie far

away from the q2 range; this ensures that the B → K(∗)`+`− SM decays are dominated
by short distance (i.e. electroweak) interactions, whose contributions can be computed
with relatively good accuracy.
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The story is slightly more complicated for R(D(∗)). The SM predictions read [83]:

R(D) = 0.299, (3.2.4)

R(D∗) = 0.258, (3.2.5)

where we again neglected theoretical uncertainties, which are of order a few percents. In
this case lepton masses are de�nitely relevant, since the �nal states with τ or µ/e leptons
have very di�erent con�guration spaces, and the cancellation between the hadronic B →
D(∗) form factors between the numerators and denominators of R(D(∗)) is only partial.
In spite of this, the hadronic form factors can be computed with good accuracy in the
SM [83], and moreover the calculation is in this case free of complications from long-
distance e�ects.

We now compare the theoretical predictions (3.2.3), (3.2.4) and (3.2.5) with the cor-
responding experimental results, which are collected in Table 1. We observe in the �rst
place that all experimental relative uncertainties range between 5% and 10%, justify-
ing our neglect of theoretical uncertainties. The experimental results for R(K(∗)) both
show a de�cit with respect to the SM prediction: if combined with the b→ sµ+µ− data
previously mentioned, the global signi�cance of the deviation is of about 3.9 standard
deviations [37]3. The measurements of R(D(∗)) show, instead, an enhancement with
respect to the SM, with a combined signi�cance of ≈ 3 standard deviations.

One thing to notice is that the quark level transitions underlying R(D(∗)) (i.e. b →
c`ν) and R(K(∗)) (i.e. b → s``) are a tree-level and a one-loop process in the SM,
respectively. Since, on the other hand, all experimental deviations are roughly of the
same relative order, this implies that in order to provide a combined NP explanation of
both anomalies, one of the two following conditions must hold:

• The NPmediators giving rise to the deviation inR(D(∗)) must be lighter (roughly
by a factor of ten) than those contributing to R(K(∗)), or
• The NP e�ective couplings a�ecting the b → c`ν transition must be enhanced
with respect to those a�ecting b→ s``.

The second scenario is clearly more appealing, if one assumes that R(D(∗)) and R(K(∗))
do not have independent origins, and can in principle be naturally realized, for instance
under the framework of �avour symmetries [81]; a di�erent possibility, which we also
include under the second scenario, is that R(D(∗)) is modi�ed at the tree-level, whereas
R(K(∗)) is contributed only at one-loop, see e.g. Refs. [88] [89] for some relevant work
in this direction.

The experimental discrepancies discussed in this Chapter have been for many years
object of great interest from both the phenomenological and experimental communities.
The upcoming years will be critical in revealing the true nature of the anomalies, which
may either be recognized as genuine New Physics or turn out to be mere statistical
�uctuations and/or to result from uncontrolled systematics. Even though the precise
evolution of statistical signi�cances critically depends on central values, it is highly likely

3Such an estimate di�ers from (and is more robust than) the SM pulls found by previous �ts (see e.g.
Refs. [84�87], and the additional references in [37]), which would seem to report higher signi�cances,
in that it does not assume any special direction in NP Wilson Coe�cient space - i.e. it does not enforce
a priori any NP alternative hypothesis using the bias from the B-anomalies data.
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Observable Experimental value Ref.

R(K) 0.846+0.044
−0.041 [36]

R(K∗) 0.69+0.12
−0.09 [31,34]

R(D) 0.340± 0.030 [83]

R(D∗) 0.295± 0.014 [83]

Table 1. Experimental results for LFU ratios.

that the next �ve/ten years, with upcoming data from LHCb, Belle II, ATLAS and CMS,
should provide de�nitive answers in these respects.



CHAPTER 4

S1 + S3 model's phenomenology

We now come back to the leptoquark theory discussed in Sec. 2. As we already
commented there, this model provides one of the most promising candidate solutions to
B-anomalies, as well as to the longstanding (g − 2)µ anomaly [90�92]. This Chapter
presents results from my work [46], in collaboration with D. Marzocca and E. Venturini,
in which we performed a detailed phenomenological study of the S1 +S3 model, including
all one-loop contributions to a selected list of observables. The study leverages on our
previous work [44], described in Chap. 2, in which the full one-loop matching of the
model onto the SMEFT was performed (see Chap. 2 for more details).

The logic behind the S1 + S3 model is quite simple: it was early observed that
the leptoquarks S1 and S3 separately provided a solution to the R(D(∗)) and R(K(∗))
anomalies, respectively, and one might naively think that a model featuring both of them
would provide a combined solution for both anomalies. The primary purpose of our work
was to validate such intuition, through a global �t which included all observables which
could provide relevant phenomenological constraints.

The goal of Ref. [46] was to �nd interesting scenarios, within the S1 + S3 setup,
capable of addressing one or more of the anomalies listed above, �nd the preferred region
in parameter space, and discuss the most important experimental constraints in each
case. Speci�cally, we �rst aimed to quantify how well single leptoquark models are able
to address the various anomalies, then we discussed combined explanations with both
leptoquarks. Thanks to the complete one-loop matching, we also discussed limits on
leptoquark couplings to the SM Higgs boson, arising from electroweak precision data
and Higgs measurements.

We found that models involving only the S1 leptoquark can consistently address
R(D(∗)) and (g− 2)µ anomalies, while a fully-satisfactory solution for b→ s`` anomalies
is prevented by the combination of constraints from Bs-mixing and LFU in τ decays.
Conversely, the S3 leptoquark when taken alone can only address neutral-current B-
meson anomalies. A model with both S1 and S3, and only left-handed couplings for S1,
can address both B-anomalies but not the muon magnetic moment. Finally, allowing for
right handed S1 couplings makes it possible to �t also (g − 2)µ. Ref. [46] also examined
the prospects for both the LF conserving branching fraction Br(B → Kττ) and the
LFV one Br(B → Kτµ), which are found to be in the ballpark of the future expected
sensitivity of Belle-II and LHCb.

The S1 +S3 model discussed in this Chapter was de�ned in Sec. 2.1. In the following
Sections, we describe the �t methodology of Ref. [46], the observables considered in
the �t, and the detailed results (including future prospects) for the various scenarios
considered in our work.
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4.1. Methodology

Our goal is to study the phenomenology of the S1 + S3 model described in the Sec.
2.1, expressing the low-energy observables as functions of the UV parameters at one-loop
level. Given the separation of scales between the LQ masses, assumed to be at the TeV
scale, and the typical energy scales of the observables considered, the EFT approach is
particularly suited for this goal. In fact, it allows to separate the complete procedure in
a sequence of steps, which can be generalised to be applicable also to other UV scenarios.
Going from the ultraviolet to the infrared, the matching procedure allows to pass physical
thresholds, i.e. to integrate out heavy �elds while de�ning a new EFT for that energy
range, while the renormalization group evolution (RGE) allows to change the scale within
an EFT approach.

In our speci�c case, we have the following steps:

• The one-loop matching for the S1 +S3 model onto the SMEFT, up to dimension-
six operators, resulting by integrating out the two scalar leptoquarks at a scale
of the order of their masses µM ∼ M1,M3. The complete set of matching
conditions, obtained with MS renormalization scheme, has been discussed in
Chap. 2.
• The RGE of the SMEFT Wilson coe�cients from the UV matching scale µM
down to the electroweak scale [75,93,94].
• The one-loop matching between the SMEFT and the EFT valid below the elec-
troweak scale, known as Low Energy EFT (LEFT). This results from integrating
out the Higgs, the massive electroweak gauge bosons and the top quark and has
been done in [74].
• The RGE of the LEFT Wilson coe�cients [95] from the electroweak scale to the
relevant scales of the processes;
• The expression of the low-energy observables and pseudo-observables in terms
of the LEFT Wilson coe�cients, taking into account contributions that arise at
one-loop level within the LEFT, from the operators generated already at the
tree-level.1

By combining everything, we obtain expressions for the observables as a function of the
parameters of the scalar leptoquark model at the TeV scale; in such a way, experimental
bounds on low-energy data can be used to set constraints on the S1,3 couplings. On the
other hand, the intermediate steps provide model-independent expressions for observables
in terms of EFT Wilson coe�cients, which might be exploited in other NP scenarios.

For a generic EFT coe�cient we can separate a contribution arising at the tree-level

from one arising at one-loop Ci = C
(0)
i + (4π)−2C

(1)
i . Working at one-loop accuracy, the

RGE, one-loop matching between SMEFT and LEFT, and the one-loop matrix elements

to the observables, should only be considered for tree-level generated coe�cients, C
(0)
i (in

our case, those in Eqs. (2.1.6)-(2.1.10)). For the loop-generated coe�cients, C
(1)
i , only

the tree-level matching conditions from SMEFT to LEFT, and tree-level matrix elements

1In case of observables at the electroweak scale, such as the measurements of Z couplings, the
observables can be expressed directly in terms of SMEFT Wilson coe�cients at the elecroweak scales,
so that the last three steps do not need to be considered.
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Observable SM prediction Experimental bounds

b→ s`` observables

∆Csbµµ9 0 −0.43± 0.09 [96]
Cuniv9 0 −0.48± 0.24 [96]

b→ cτ(`)ν observables
RD 0.299± 0.003 [83] 0.34± 0.027± 0.013 [83]
R∗D 0.258± 0.005 [83] 0.295± 0.011± 0.008 [83]
PD∗
τ −0.488± 0.018 [97] −0.38± 0.51± 0.2± 0.018 [21]
FL 0.470± 0.012 [97] 0.60± 0.08± 0.038± 0.012 [98]

Br(B+
c → τ+ν) 2.3% < 10% (95% CL) [99]

R
µ/e
D 1 0.978± 0.035 [100,101]

D leptonic decay
Br(Ds → τν) (5.169± 0.004)× 10−2 [102] (5.48± 0.23)× 10−2 [103]

b→ sνν and s→ dνν
Rν
K 1 [104] < 4.65 [105]

Rν
K∗ 1 [104] < 3.22 [105]

Br(K+ → π+νν) 8.64× 10−11 [58] (11.0± 4.0)× 10−11 [106]
Br(KL → π0νν) 3.4× 10−11 [58] < 3.57× 10−9 [107]

B LFV decays
Br(Bd → τ±µ∓) 0 < 1.4× 10−5 [108]
Br(Bs → τ±µ∓) 0 < 4.2× 10−5 [108]

Br(B+ → K+τ−µ+) 0 < 5.4× 10−5 [109]

Br(B+ → K+τ+µ−) 0
< 3.3× 10−5 [109]
< 4.5× 10−5 [110]

Table 1. Low-energy semileptonic observables with their SM predictions
and experimental bounds. Upper limits correspond to 95%CL.

should be included, the other contributions giving terms which are formally of two-loop
order and that could be of the same order as neglected two-loop matching conditions.

The exception to this is in the RGE due to QCD from the TeV to the GeV scale,
for example in four-quark operators contributing to ∆F = 2 observables. In this case
the RGE contribution is well known to be important, also due to the large separation of
scales, which gives to this e�ect a parametric enhancement with respect to the neglected
two-loop corrections even if four-quark operators are generated at one-loop.

4.2. Observables

One of our main goals is to provide, with the S1 +S3 model, a combined explanation
for the hints of LFU violation in the neutral and charged current semileptonic B-meson
decays, namely to account for the experimental measurements of R(K(∗)) and R(D(∗)),
and of the deviation in the muon anomalous magnetic moment (g− 2)µ. The leptoquark
couplings involved in these observable enter also in the other low-energy observables (or
pseudo observables), both at tree-level or one-loop level. Therefore, to quantify how the
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S1 + S3 model can consistently explain the observed anomalies, one should take into
account a set of low-energy data as complete as possible. In Tables 1, 2 and 3 we show
the list of low-energy observables that we analyze, together with their SM predictions
and experimental bounds.

The detailed computations for each observables are contained in the Appendix of the
original reference [46]; here we limit ourselves to quote the relevant results for the global
�t. In our numerical analysis, the full set of one-loop corrections to each observable was

Observable SM prediction Experimental bounds

∆F = 2 processes

B0 −B0
: |C1

Bd
| 0 < 9.11× 10−7 TeV−2 [77,111]

B0
s −B

0

s: |C1
Bs
| 0 < 2.01× 10−5 TeV−2 [77,111]

K0 −K0
: Re[C1

K ] 0 < 8.04× 10−7 TeV−2 [77,111]

K0 −K0
: Im[C1

K ] 0 < 2.95× 10−9 TeV−2 [77,111]

D0 −D0
: Re[C1

D] 0 < 3.57× 10−7 TeV−2 [77,111]

D0 −D0
: Im[C1

D] 0 < 2.23× 10−8 TeV−2 [77,111]

D0 −D0
: Re[C4

D] 0 < 3.22× 10−8 TeV−2 [77,111]

D0 −D0
: Im[C4

D] 0 < 1.17× 10−9 TeV−2 [77,111]

D0 −D0
: Re[C5

D] 0 < 2.65× 10−7 TeV−2 [77,111]

D0 −D0
: Im[C5

D] 0 < 1.11× 10−8 TeV−2 [77,111]

LFU in τ decays
|gµ/ge|2 1 1.0036± 0.0028 [112]
|gτ/gµ|2 1 1.0022± 0.0030 [112]
|gτ/ge|2 1 1.0058± 0.0030 [112]

LFV observables
Br(τ → µφ) 0 < 1.00× 10−7 [113]
Br(τ → 3µ) 0 < 2.5× 10−8 [114]
Br(µ→ eγ) 0 < 5.00× 10−13 [115]
Br(τ → µγ) 0 < 5.24× 10−8 [116]
Br(τ → eγ) 0 < 3.93× 10−8 [116]

EDMs
de < 10−44 e cm [117,118] < 1.1× 10−29 e cm [119]
dµ < 10−42 e cm [118] < 1.9× 10−19 e cm [120]
dτ < 10−41 e cm [118] (1.15± 1.70)× 10−17 e cm [121]

Anomalous Magnetic Moments
ae − aSMe ±2.3× 10−13 [122,123] (−8.9± 3.6)× 10−13 [124]
aµ − aSMµ ±43× 10−11 [92] (279± 76)× 10−11 [92,125]
aτ − aSMτ ±3.9× 10−8 [122] (−2.1± 1.7)× 10−7 [126]

Table 2. Meson-mixing and leptonic observables, with their SM predic-
tions and experimental bounds. Upper limits correspond to 95%CL.
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Observable Experimental bounds

Z boson couplings
δgZµL (0.3± 1.1)10−3 [127]
δgZµR (0.2± 1.3)10−3 [127]
δgZτL (−0.11± 0.61)10−3 [127]
δgZτR (0.66± 0.65)10−3 [127]
δgZbL (2.9± 1.6)10−3 [127]
δgZcR (−3.3± 5.1)10−3 [127]
Nν 2.9963± 0.0074 [128]

Table 3. Limits on the deviations in Z boson couplings to fermions from
LEP I.

considered. Some observables vanish or are �avour-suppressed at tree-level, for example
meson-mixing ∆F = 2 processes, τ → 3µ and τ → µγ LFV interactions or τ → µφ(η, η′)
decay; in such cases the inclusion of one-loop contributions is relevant and might bring
non negligible changes in a global �t of the low-energy data.

From the observables listed above, and their expression in terms of the parameters of
the model, LQ couplings and masses, we build a global likelihood as:

− 2 logL ≡ χ2(λx,Mx) =
∑
i

(Oi(λx,Mx)− µi)2

σ2
i

, (4.2.1)

where Oi(λx,Mx) is the expression of the observable as function of the model parameters,
µi its experimental central value, and σi the uncertainty. From the χ2 built in this way,
in each scenario considered we obtain the maximum likelihood point by minimizing the
χ2, which we use to compute the ∆χ2 ≡ χ2 − χ2

min. This allows us to obtain the 68,
95, and 99 % CL regions. In the Standard Model limit we get a χ2

SM = 101.0, for 50
observables.

For each scenario we get the CL regions in the plane of two real couplings, by pro�ling
the likelihood over all the other couplings. We are often also interested in the values
of some observables corresponding to these CL regions. To obtain this, we perform a
numerical scan over all the parameter space2 and select only the points with a ∆χ2 less
than the one corresponding to 68 and 95 % CL. The points obtained in this way also
reproduce the CL regions in parameter space obtained by pro�ling. With this set of
parameter-space points we can then plot any observable evaluated on them.

4.2.1. Collider constraints. Leptoquarks are also actively searched for at high-
energy colliders. Their most important signatures can be classi�ed in three categories:
i) pair production, ii) resonant single-production, and iii) o�-shell t-channel exchange in
Drell-Yan processes, pp→ `+`− or `ν. See e.g. Refs. [129,130] for reviews.

2For each numerical scan we collected O(104) benchmark points. For our more complex models (i.e.
with up to ten parameters), this is quite demanding from the computational point of view; in order
to e�ciently scan the high-dimensional parameter spaces, we employ a Markov Chain Monte Carlo
algorithm (Hastings-Metropolis) for the generation of trial points.
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The pair production cross section is mostly independent on the LQ couplings to
fermions, unless some are very large, and thus provides limits which depend only on
the LQ mass and the branching ratios in the relevant search channels. We refer to
Refs. [130�133] for reviews of such searches. Once the branching ratios are taken into
account, the most recent ATLAS and CMS searches using an integrated luminosity of
∼ 36fb−1 put a lower bound on the S1 and S3 masses at ≈ 1TeV or less. At present,
limits from single production are not competitive with those from pair production and
Drell-Yan [130].

Leptoquarks can also be exchanged o�-shell in the t-channel in Drell-Yan processes.
The �nal states most relevant to our setup are τ τ̄ , τ ν̄, and µµ̄. The limits on LQ
couplings as a function of their mass from neutral-current processes can be taken directly
from [130,132,134] (see also [135�138] for other studies of dilepton tails in relation with
B-anomalies) while the mono-tau channel in relation to the B-anomalies has been studied
in [139�144] and at present it doesn't exclude the region of interest. Using the results
from [132] we get the following 95 % CL upper limits on the couplings relevant to our
model for M1,3 = 1TeV, taken one at a time:

λ1R
cτ < 1.62, (4.2.2)

λ1R
cµ < 0.90, (4.2.3)

λ1L
sτ < 1.66, (4.2.4)

λ1L
sµ < 0.91, (4.2.5)

λ3L
bτ < 1.40, (4.2.6)

λ3L
sτ < 0.97, (4.2.7)

λ3L
bµ < 0.77, (4.2.8)

λ3L
sµ < 0.56 (4.2.9)

4.3. Scenarios and results

In this Section we discuss several minimal models within the S1 + S3 setup, and
how well (or bad) each of them is able to address the charged and/or neutral current
anomalies, while remaining compatible with all the other experimental constraints. We
denote the leptoquark couplings to fermions by:

λ1R =

λ1R
ue λ1R

uµ λ1R
uτ

λ1R
ce λ1R

cµ λ1R
cτ

λ1R
te λ1R

tµ λ1R
tτ

 , λ1L =

λ1L
de λ1L

dµ λ1L
dτ

λ1L
se λ1L

sµ λ1L
sτ

λ1L
be λ1L

bµ λ1L
bτ

 , λ3L =

λ3L
de λ3L

dµ λ3L
dτ

λ3L
se λ3L

sµ λ3L
sτ

λ3L
be λ3L

bµ λ3L
bτ

 .

(4.3.1)
The main experimental anomalies driving the �t can be split in three categories:

• CC : deviations in b→ cτν transitions;
• NC : deviations in b→ sµµ transitions;
• (g − 2)µ: deviation in the muon magnetic moment.

While our setup allows to keep all the above couplings in a completely general analy-
sis, given the large number of parameters this would preclude a clear understanding of
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Model Couplings CC NC (g − 2)µ

S
(CC)

1
λ1R
cτ , λ

1L
bτ � × ×

S
(aµ)

1
λ1R
tµ , λ

1L
bµ × × �

S
(CC+NC)

3
λ3L
bτ , λ

3L
sτ , λ

3L
bµ , λ

3L
sµ × � ×

S1 + S
(LH)

3
λ1L
bτ , λ

1L
sτ , λ

3L
bτ , λ

3L
sτ , λ

3L
bµ , λ

3L
sµ � � ×

S1 + S
(all)

3
λ1L
bτ , λ

1L
sτ , λ

1L
bµ , λ

1R
tτ , λ

1R
cτ , λ

1R
tµ , λ

3L
bτ , λ

3L
sτ , λ

3L
bµ , λ

3L
sµ � � �

S1 + S
(pot)

3
λH1, λH3, λH13, λεH3 � � �

Table 4. Summary of leptoquark models considered in this Chapter. The
third columns lists the couplings we allow to be di�erent from zero in our
global �t. The last three columns indicate whether the models provide a
satisfying �t of each set of anomalies, respectively.

the physics underlying the �t. Furthermore, it can be interesting to consider only one
leptoquark or to focus on one speci�c experimental anomaly. For these reasons we take
a step-by-step approach by starting with single-leptoquark scenarios and switching on
the couplings needed to �t a given set of anomalies. In all cases, we keep the complete
likelihood described in the previous Section, with all the observables. For instance, if the
couplings to muons are set to zero, neutral-current B-anomalies and the muon anomalous
magnetic moment are automatically frozen to the corresponding Standard Model values
and do not impact the �nal �t.

The models are thus de�ned by the leptoquark content and the set of active couplings,
which, for simplicity, we assume to be real. We have considered the models detailed in
Table 4, for each of which we allow the couplings listed in the third column of the table to
be non-vanishing in our global �t. We �rst analyze single mediator models and study their
potential to address as many anomalies as possible. In each case we point out the main
tensions which prevent a combined explanation of all anomalies. Then, we move on to
study models involving both leptoquarks. In the �rst we only allow left-handed couplings,
λ1L and λ3L, as this possibility has better chances to �nd motivation in a scenario in
which the �avour structure is determined by a �avour symmetry, see e.g. [81,131]. In
the second we switch on also some of the S1 couplings to right-handed fermions, and
aim to provide a combined explanation for all three anomalies. Finally, we study the
limits on the leptoquark potential couplings to the Higgs, which is an analysis largely
independent on the couplings to fermions and requires to consider di�erent observables
than those studied in the main �t, see also [145].

In any given model there is, of course, no particular reason to expect the exact
�avour structures implied by Table 4. For instance, the couplings we set to zero will be
radiatively generated. In our bottom-up approach we assume them to be small enough
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at the matching scale that the observables in the �t are not impacted in a sizeable way.
In a more top-down approach one might have expectations on the size of these terms
based on the UV picture, such as due to the presence of approximate �avour symmetries
or other �avour-protection mechanisms [146] (see Subsec. 4.5).

In the numerical analysis we �x for concreteness values of leptoquark masses equal
to M1 = M3 = 1TeV. While this is borderline with the exclusion limits from pair
production, discussed previously, the results do not change qualitatively by increasing
slightly the masses. Since most of the observables driving the �ts scale as λ2/M2, with a
good approximation this scaling can be used to adapt our �ts to slightly larger masses.3

We note that the future limits on LQ masses from HL-LHC are expected to not go much
above 1.5TeV [131].

Concerning our speci�c benchmarks, the choice of active couplings in each case is
guided by some simple phenomenological observations (more details on each concrete
model can be found in the relevant Subsections below):

(1) Since the observed deviations in B-decays involve LQ couplings to second and
third generation, and given the strong constraints on s↔ d quark �avour tran-
sitions, couplings to �rst generation of down quarks can only play a minor role
in the �t of B-anomalies and are thus set to zero (see however Sec. 4.5; note
that even in our case, due to the CKM matrix, e�ects in up-quark observables
are present, for instance D-meson mixing).

(2) Hints to LFU violation in rare B-decays, combined with the deviations observed
in B → K∗µ+µ−, suggest that the LQ couplings to muons should be larger
than those to electrons. We consider, for simplicity the case in which b → s``
anomalies are entirely explained by muon couplings and set to zero the couplings
to electrons.

(3) The S1 couplings to µR and cR or tR do not contribute to b → s``, nor to
b→ c(τ/`)ν, however are relevant for �tting the observed anomaly in the muon
anomalous magnetic moment, which gets the main contribution from the cou-
plings to bLµL and tRµR, as shown in the original reference [46].

Details for all models are given in the following Subsections.

4.3.1. Single-leptoquark S1.

4.3.1.1. Addressing CC anomalies. This LQ can address the deviations in R(D) and
R(D∗) with only two couplings: λ1L

bτ and λ1R
cτ . They generate at tree-level a contribution to

the semileptonic scalar and tensor operators C
(1,3)
lequ at the UV matching scale, Eqs. (2.1.8)

and (2.1.9), which then run down to the GeV scale. The best �t region is entirely
determined by the following few observables: R(D), R(D∗), Br(B+

c → τ+ν), |gτ/gµ|, and
the constraints from pp→ τ+τ−.

The results from the �t, assuming real couplings and M1 = 1TeV, can be seen in
Fig. 4.3.1. Since all the relevant low-energy observables scale with λ/M , the �t can be
easily adapted to other masses. The left panel shows con�dence level regions for the two

3The exception to this scaling are ∆F = 2 observables, which scale as λ4/M4, but are relevant only
for the �ts of Sec. 4.3.2 and 4.3.3.
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couplings. The dashed lines are 95% CL constraints from single observables, and help
illustrate the role of each observable within the global �t.

In the right panel we show how the 68% and 95% CL region from the global �t of the
left panel maps in the R(D(∗)) plane. This is almost degenerate, due to the approximate
linear relationship between these two observables in the present model. We overlay as
gray lines the CL ellipses (for 2 degrees of freedom) from the HFLAV global �t of the
two observables [83] (speci�cally, the Spring 2019 update).

The model is successful in �tting the deviation in R(D(∗)) within the 68%CL level,
with smaller values of R(D∗) (or larger R(D)) preferred by the �t. Improved measure-
ments of R(D(∗)) can test this setup due to the precise linear relationship among the two
modes predicted by the model, as well as improved Drell-Yan constraints.

The best-�t point, for M1 = 1TeV, is found for λ1L
bτ ≈ 0.24, λ1R

cτ ≈ −1.00.
4.3.1.2. Addressing NC anomalies. One may attempt to �t neutral-current anomalies

in b → s`` from the one-loop contributions from S1. This scenario has been considered
for the �rst time in [147]. Signi�cant contributions to ∆Cµ

9 may only come from the
two muon couplings λ1L

bµ and λ1L
sµ , whereas the universal contribution is always negligible

(Cu
9 ≈ 0).
Bs-mixing and B → K(∗)νν put strong constraints on the product of the two couplings

[46]. Thanks to the di�erent scaling of these observables and ∆Cµ
9 on the leptoquark

couplings, the limits can be avoided by a suitably large leptoquark mass, as can be seen
in Fig. 4.3.2 (left). For M1 & 3TeV it is possible to avoid these limits while having
couplings still in the perturbative range (see also [148,149]). Nevertheless, even while

��=����

��%��

��%��

��%��

|�τ/�μ|

��→ττ

(�����*)

��→τν

����� ��
(��)

��� ��� ��� ���

-���

-���

-���

-���

���

λ�τ
� �

λ�τ
� �

Figure 4.3.1. Result from a �t in the two S1 couplings λ1L
bτ and λ1R

cτ , for

a leptoquark of 1 TeV. In the left panel we show the preferred regions in the

plane of the two couplings, and the individual 2σ limits from the most relevant

observables (except for (R(D), R(D∗)), for which we show the 68%CL region).

The black dot corresponds to the best-�t point. In the right panel we show where

this preferred region is mapped in the plane of R(D)−R(D∗), together with the

experimental combination from HFLAV [83].
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� � = ��[���/���] λ�μ

� �

(Δ��
μ
)�σ

�ν

�ν* ��-��

|�μ/��|

����� ��
(��)

� � � � � �
�

�

�

�

�

�

�� [���]

λ�μ
� �

λ
�μ
� �
= ��[��� /���] λ

�μ
� �

(Δ��
μ
)�σ

|�μ/��|

��
μ/�

��-�� �ν*

��=� ���

����� ��
(��)

� � � � � � � �

-���

-���

-���

-���

-���

-���

���

λ�μ
� �

λ�μ
� �

Figure 4.3.2. Left: 95% CL limits in the plane of λ1L
bµ − M1, for λ1L

sµ =

−<[Vcb/Vcs]λ
1L
bµ . Right: 95% CL limits from individual observables in the plane

of λ1L
bµ−λ1L

sµ , �xingM1 = 6TeV. In both plots the green region is the 1σ favourite

one from ∆Cµ9 .

marginally evading the Bs-mixing constraint, the ∆Cµ
9 deviation remains in ≈ 2σ tension

with the bound on λ1L
bµ arising from the LFU limit from τ decays, |gµ/ge|. The situation

is illustrated in the right panel of Fig. 4.3.2. This is slightly exacerbated by a ∼ 1σ
deviation in the opposite direction measured in |gµ/ge|.

We thus conclude that the S1 leptoquark is not able to �t neutral-current anomalies
while remaining completely consistent with all other constraints. The situation regarding
NC anomalies is not modi�ed signi�cantly by letting also the other couplings vary in the
�t. This issue could be avoided by allowing a mild cancellation by tuning a further
contribution to this observable, possibly arising from some other state. Fixing M1 =
6TeV we �nd the best-�t point for: λ1L

bµ ≈ 4.5, λ1L
sµ ≈ −0.18.

4.3.1.3. Addressing (g − 2)µ,e. S1 is also a good candidate to address the observed
deviation in the muon anomalous magnetic moment. Ref. [46] �nds that the leading
contribution is given numerically by:

∆aµ ≈ 8.23× 10−7
λ1L
bµλ

1R
tµ

M2
1/(1TeV)2

(1 + 0.53 log
M2

1

(1TeV)2
) (4.3.2)

The observed deviation can thus be addressed for small couplings, and no other observable
is in�uenced signi�cantly. Analogously, it is possible to address the (smaller and less
signi�cant) deviation in the electron magnetic moment, see Table 2.

A combined explanations of both deviations with a single mediator was thought not
to be viable, due to the very strong constraint from µ → eγ, see e.g. Refs. [150]. More
recently, in the updated versions of [151,152] it was realized that a possible way out is to
align the S1 leptoquark-muon couplings to the top quark, while the leptoquark-electron
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ones to the charm4. In our formalism this can be achieved aligning the S1 couplings as
λ1L
ie = Vciλ

1L
e and λ1L

iµ = Vtiλ
1L
µ . In this way one �nds [46]:

∆ae ≈ 1.9× 10−10 λ1L
e λ

1R
ce

M2
1/(1TeV)2

(1 + 0.09 log
M2

1

(1TeV)2
), (4.3.3)

∆aµ ≈ 8.23× 10−7
λ1L
µ λ

1R
tµ

M2
1/(1TeV)2

(1 + 0.53 log
M2

1

(1TeV)2
), (4.3.4)

Br(µ→ eγ) = 0. (4.3.5)

On the one hand, the strong limit from µ → eγ implies that the alignment described
above must be held with high accuracy. On the other hand, radiative corrections to
leptoquark couplings from SM Yukawas are expected to induce deviations from it. For
this reason we will not investigate this direction further.

4We thank the authors of [151] and [152] for pointing this out to us.



4.3. SCENARIOS AND RESULTS 47

��=����

�μ(�σ)

τ→μγ

|�μ/��|

��
μ/�

��%��
��%��
��%��

����� ��
(��+�μ)

��� ��� ��� ��� ��� ��� ��� ���

����

����

����

����

����

����

λ�μ
� �

λ�μ
� �

τ→μγ (*)

|�μ/��|

��
μ/�

τ→�μ

��%��
��%��
��%��

��=����

����� ��
(��+�μ)

��� ��� ��� ��� ��� ��� ��� ���
-�����

�����

�����

�����

�����

�����

�����

�����

λ�μ
� �

λ�τ
� �

����� ��
(��+�μ)

��=������

��→ττ

τ→μγ

(�����*)�σ

��%��
��%��
��%��

��� ��� ��� ��� ���
-�

-�

-�

�

�

λ�τ
� �

λ�τ
� �

Figure 4.3.3. Result from the �t in the S1 model aimed to addressing the

CC and (g − 2)µ anomalies. We show the preferred regions in the planes of

two couplings, where those not shown are pro�led over. The dashed lines show,

for illustrative purposes, 2σ limits from individual observables where the other

couplings are �xed at the best-�t point (black dot). In the lower-right panel we

show where the preferred region is mapped in the plane of R(D)−R(D∗).

4.3.1.4. Addressing CC and (g − 2)µ. Following the previous Subsections, the next
natural step is to attempt to �t both R(D(∗)) and aµ anomalies with S1. The relevant
couplings are λ1L

bτ , λ
1L
bµ , λ

1R
tτ , λ

1R
cτ , λ

1R
tµ .

This setup is not simply the combination of those discussed previously. Indeed, due
to the λ1L

bτ and λ1R
cτ couplings on the one hand (required to �t the charged-current B-

anomaly), and λ1R
tµ , λ

1L
bµ on the other hand (necessary to �t aµ), sizeable contributions to

τ → µγ are generated at one-loop. The values of λ1L
bτ,bµ and λ

1R
cτ,tµ required to �t R(D(∗))

and (g − 2)µ would induce a too large contribution to this LFV decay. However, we
�nd that the large contribution to τ → µγ arising from the product of λ1L

bµλ
1R
cτ can be

mostly cancelled by the λ1L
bµλ

1R
tτ term with λ1R

tτ ∼ O(10−3) (requiring a mild �ne-tuning
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of roughly one part in �ve). Such a small value does not a�ect any other observable in
our �t. It should be noted that the only e�ect of this coupling is to tune this observable.

We show the preferred region in parameters space, obtained from our �t, in Fig. 4.3.3.
In the upper two panels we show the �t in the (λ1L

bµ , λ
1R
tµ ) and (λ1L

bµ , λ
1R
tτ ) planes, including

the preferred region from the global �t as well as the individual 95% CL limits from single
observables, to help illustrating the physics behind the analysis. It can be noted that
the observed value of the muon magnetic moment can be reproduced, and that τ → µγ
requires a non-zero value of λ1R

tτ , as discussed above. Regarding the top-right panel, the
single-observable constraint from τ → µγ (red dashed line) is shown by imposing that
aµ is �xed to the value we get at the best-�t point. In the lower-left panel we show the
�t in the couplings contributing to R(D(∗)), (λ1L

bτ , λ
1R
cτ ), and how this preferred region is

mapped in the plane of R(D) − R(D∗) (lower-right panel). Comparing to the allowed
region in the same plane in the model studied in Fig. 4.3.1, we see that τ → µγ strongly
reduced the allowed region, while still not preventing a good �t of the charged-current B-
anomalies. Due to this reduction of the allowed (λ1L

bτ , λ
1R
cτ ) parameter space, speci�cally

with smaller values of λ1L
bτ , the points in the R(D∗) − R(D) plane line up more closely

in a line than what is observed in Fig. 4.3.1.
We conclude that the R(D(∗)) and (g − 2)µ anomalies can be addressed by the S1

leptoquark, for perturbative couplings and TeV-scale mass. We �nd the best-�t point,
with M1 = 1TeV, for λ1L

bτ ≈ 0.13, λ1L
bµ ≈ 0.44, λ1R

tτ ≈ 0.0026, λ1R
cτ ≈ −1.33, λ1R

tµ ≈ 0.0051.

4.3.2. Single-leptoquark S3. We move on to examine S3, and we attempt directly
a combined explanation of charged and neutral current anomalies. It is well known that
S3 provides a simple and good explanation for the deviations observed in b→ s``, thanks
to its tree-level contribution to the partonic process. The couplings required are λ3L

bµ -λ
3L
sµ ,

with small enough values that other observables do not pose relevant constraints. The
leading contribution to both R(D(∗)) and Cu

9 , instead, arises via the λ3L
bτ -λ

3L
sτ couplings.

For concreteness we �xM3 = 1TeV, but the �t would be very similar for a slightly larger
mass.

Our results can be seen in Fig. 4.3.4. As expected, the model is successful in �tting
∆Cµ

9 . The couplings to the tau allow to also �t Cu
9 , while charged-current anomalies

cannot be reproduced. The main limiting observables are Bs-mixing and B → K(∗)νν,
as can be seen from the top-right panel.

The best-�t point, forM3 = 1 TeV, is found for λ3L
bτ ≈ 0.36, λ3L

sτ ≈ −0.13, λ3L
bµ ≈ 0.050,

λ3L
sµ ≈ 0.015.

4.3.3. S1 + S3 with LH couplings only. Models involving S1 and S3 with left-
handed couplings have been �rst considered in [81,131,153]. In particular, in [81,131]
it was shown how this setup could �t both charged- and neutral-current anomalies with
couplings compatible with a minimally broken U(2)5 �avour symmetry, albeit with a
tension between R(D(∗)) and the Bs-mixing constraint. Since then, new experimental
updates on R(D(∗)) pushed the preferred region closer to the SM, thus also alleviating the
tension with meson mixing. Here, we update the �t for this scenario, without assuming
a priori a speci�c �avour structure for the relevant couplings.
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The relevant couplings are λ1L
[bs]τ , λ

3L
[bs]µ, and λ

3L
[bs]τ . A �rst qualitative understanding

of the model can be obtained by noticing the main roles of the various couplings with
regard to the anomalies:

λ3L
[b,s]µ → ∆Cµ

9 , λ3L
[b,s]τ → Cu

9 , (λ1L
[b,s]τ , λ

3L
[b,s]τ )→ R(D(∗))

In this model, the relative deviation in R(D) and R(D∗) from the respective SM values is
predicted to be exactly the same, since it is only due to the same left-handed vector-vector
operator generated in the SM.

The most salient features of the �t are summarized in Fig. 4.3.5. In the top two
panels we show the preferred regions in the λ1L

bτ − λ1L
sτ and λ3L

bτ − λ3L
sτ planes, together
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Figure 4.3.4. Result from the �t in the S3 model. In the upper panels we show

the preferred regions in the planes of two couplings, where the two not shown

are pro�led over. The dashed lines show, for illustrative purposes, 2σ limits from

individual observables where the other couplings are �xed at the best-�t point

(black dot). In the lower panels we show where the preferred region is mapped

in the planes of the neutral and charged-current anomalies.
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Figure 4.3.5. Result from the �t in the S1 + S3
(LH) model, with only left-

handed couplings. In the upper panels we show the preferred regions in the

planes of two couplings, where the two not shown are pro�led over. The dashed

lines show, for illustrative purposes, 2σ limits from individual observables where

the other couplings are �xed at the best-�t point (black dot). In the lower panels

we show where the preferred region is mapped in the planes of the neutral and

charged-current anomalies.

with the single-observable 2σ limits obtained �xing the other couplings to the global
best-�t value. The favoured region in the λ3L

bµ − λ3L
sµ plane is very similar to the one of

model S
(CC+NC)
3 (Fig. 4.3.4 top-left), thus we do not show it again. The constraint from

B → K(∗)νν is avoided thanks to a slight cancellation between the tree-level contributions
of the two leptoquarks [81]. There is a (small) leftover tension in the R(D(∗)) �t, due to
constraints from Bs-mixing. It should be noted that this tension grows with larger LQ
masses (thus larger required couplings) since the deviation in R(D(∗)) scales as λ2/M2

while the contribution to meson mixing goes as λ4/M2.
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We also point out that the parameter-region preferred by the �t is compatible with
the relations between couplings predicted by a minimally-broken U(2)5 �avour symmetry,
λsα = cU(2)Vtsλbα, with cU(2) an O(1) complex parameter, see e.g. [81] and references
therein. The case with |cU(2)| = 1 is shown with grey dashed lines in the upper panels.

In the lower two panels we show how the preferred regions in parameter space maps
into the anomalous B-decay observables. As can be seen, it is possible to reproduce
them within 1σ. The best-�t point, for M1 = M3 = 1 TeV, is found for λ3L

bτ ≈ 0.47,
λ3L
sτ ≈ −0.13, λ3L

bµ ≈ 0.056, λ3L
sµ ≈ 0.014, λ1L

bτ ≈ 0.45, λ1L
sτ ≈ 0.13.

4.3.4. S1 +S3 addressing CC, NC, and (g−2)µ. From the previous Sections it is
clear that in order to address all anomalies, both S1 and S3 leptoquarks are required. NC
anomalies are addressed only by S3, the muon anomalous magnetic moment only by S1,
while R(D(∗)) receives sizeable contributions from both. For our most general analysis
we keep ten active couplings: λ3L

[b,s]τ , λ
3L
[b,s]µ, λ

1L
[b,s]τ , λ

1L
bµ , λ

1R
[t,c]τ , λ

1R
tµ . The results of our �t

are shown in Fig. 4.3.6.
In the �rst row of Fig. 4.3.6 we show the preferred regions for the couplings relevant

for the aµ �t. The situation is very similar to what already discussed for model S
(CC+aµ)
1 ,

Sec. 4.3.1.4.
The couplings relevant for the R(D(∗)) �t are shown in the second row. They show

a behavior very similar to the one already seen in the models S
(CC+aµ)
1 and S1 + S

(LH)
3 .

The main contribution is due to the scalar+tensor operators generated via the λ1R
cτ λ

1L
bτ

couplings, but a sizeable contribution, which helps to improve the �t with respect to

model S
(CC)
1 , is induced via the left-handed couplings λ1L

[b,s]τ and λ3L
[b,s]τ , analogously to

what we saw in model S1 + S
(LH)
3 . Contrary to that case, however, here the preferred

region avoids any tension with both Bs-mixing and B → K(∗)νν.
We do not show in Fig. 4.3.6 the preferred values for λ3L

[s,b]µ, which are necessary to

�t ∆Cµ
9 , since they are analogous to what we saw for model S

(CC+NC)
3 (see Fig. 4.3.4

top-left).
We conclude that all the anomalies in R(D(∗)), b → sµµ, and (g − 2)µ, can be

completely addressed in this model, for perturbative couplings and TeV-scale leptoquark
masses. The best-�t point, for M1 = M3 = 1 TeV, is found for λ3L

bτ ≈ 0.40, λ3L
sτ ≈ −0.11,

λ3L
bµ ≈ 0.31, λ3L

sµ ≈ 0.0024, λ1L
bτ ≈ 0.11, λ1L

sτ ≈ 0.082, λ1L
bµ ≈ 0.55, λ1R

tτ ≈ 0.0029, λ1R
cτ ≈

−1.26, λ1R
tµ ≈ 0.0052.

4.3.5. Leptoquark potential couplings. In this Section we study available con-
straints for the potential couplings of leptoquark with the Higgs boson from the lepto-
quark potential, Eq. (2.5.1). There are four such couplings: λH1, λH3, λεH3, and λH13.
All contribute only at one-loop level in the matching to SMEFT operators, therefore
possible phenomenological e�ects are suppressed both by a loop factor and by the LQ
mass scale. We focus on e�ects of these couplings which are independent on the LQ
couplings to fermions. We thus need precisely measured quantities in the bosonic sector
of the SM.

Obvious candidates are the gauge-boson oblique corrections measured at LEP [158]:

Ŝ, T̂ , Y , W , as well as the analogous e�ect for QCD, Z. All these parameters are
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Figure 4.3.6. Result from the �t in the S1+S3
(all) model, aimed at addressing

all anomalies (see description in the text).

measured at the per-mille level, and are able to constrain multi-TeV scale physics. Given
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Observable Measurement Reference

S 0.04± 0.08 [154]
T 0.08± 0.07 (ρS,T = 0.92) [154]
κg 1.00± 0.06 [155]
κγ 1.03± 0.07 (ργ,g = −0.44) [155]

σ/σSM(Zγ) 2.0+1.0
−0.9 (ATLAS) [156]

σ/σSM(Zγ) < 3.9 @ 95% CL (CMS) [157]
Table 5. Bosonic observables for the LQ potential couplings.
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Figure 4.3.7. Limits on LQ potential couplings from oblique corrections

and Higgs measurements. In each panel, the other two couplings have been

marginalised. The black point represents the best-�t point while the dashed

blue contours are the prospects for 95%CL limits after HL-LHC.

the expressions in the Warsaw basis of [159] and our one-loop matching of the SMEFT
to the LQ model, we �nd:

Ŝ =
α

4s2
W

S = −g
2Ncv

2YS3

48π2

λεH3

M2
3

≈ −5.4× 10−5λεH3

m2
(4.3.6)

T̂ = αT =
Ncv

2λ2
εH3

48π2M2
3

+
Ncv

2

16π2
|λH13|2

M4
1 −M4

3 − 2M2
1M

2
3 logM2

1/M
2
3

(M2
1 −M2

3 )3
(4.3.7)

≈ 3.8× 10−4λ2
εH3/m

2 + 3.8× 10−4|λH13|2/m2

where in the numerical expressions for simplicity we �xed M1 = M3 = m TeV. The
contributions to Y ,W , and Z are instead at, or below, the 10−6 level and thus completely
negligible given the present experimental precision. The constraints on S and T from
[154] are reported in Table 5. The contribution to the T parameter from the λH13

coupling has been also studied in [160], albeit not in the EFT approach. We checked
that we agree once the EFT limit is taken into account.

The LQ couplings to the Higgs also generate at one-loop contributions to hgg, hγγ,
and hZγ couplings. Since these are also loop-generated in the SM, the percent-level
precision presently available for the Higgs couplings to photons and gluons couplings
allows to probe heavy new physics. Loop contributions to other couplings, which arise at
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tree-level in the SM, are instead too small to have a sizeable impact. We thus consider
the combined �t of Higgs couplings in the κ-framework where only κγ and κg are left free,
and a constraint on σ/σSM(Zγ) = κ2

gκ
2
Zγ, which is however still not precisely measured,

see Table 5. The approximate contributions to these parameters in our model are given
by:

κg − 1 = −(3.51λH3 + 1.17λH1)× 10−2/m2, (4.3.8)

κγ − 1 = −(2.32λH3 + 0.66λεH3 − 0.11λH1)× 10−2/m2, (4.3.9)

κZγ − 1 = −(1.89λH3 + 0.23λεH3 − 0.033λH1)× 10−2/m2. (4.3.10)

Analogously to what presented above for �avour observables, we combine Higgs couplings
and oblique constraints in a global likelihood. From this we �nd the maximum likelihood
point and construct the 68, 95, and 99% CL regions in planes of two couplings, where
the other two are marginalised. The results in the (λH1,λH3) and (λH13,λεH3) planes are
shown in Fig. 4.3.7 for M1 = M3 = 1 TeV. We observe that a limit of about 1.5 can be
put on both λH13 and λεH3 (right panel). This comes mainly from the contribution to

the T̂ parameter, which is quadratic in the two couplings and thus allows to constrain
both at the same time. The λH1 and λH3 couplings, instead, are constrained mainly
from their contribution to the hγγ and hgg couplings, Eqs. (4.3.8) and (4.3.9). We see
that with present experimental accuracy the limits are still rather weak, and there is an
approximate �at direction which doesn't allow to put any relevant bound on λH1.

This situation will marginally improve with the more precise Higgs measurements
from HL-LHC [161]. The future expected 95%CL contours are shown as dashed blue
lines. This however has no appreciable e�ect on the limits shown in the right panel, since
those are dominated by the constraint on the T parameter, which will instead improve
substantially from measurements on the Z pole at FCC-ee. A more detailed analysis of
FCC prospects are however beyond the scope of this paper.

4.4. Prospects

In this Section, we discuss the implications of future Belle II measurements of

• LFV B decays induced at parton level by b→ sτµ;
• B decays induced at parton level by b→ sττ .

These processes, in fact, are particularly interesting for leptoquark scenarios aiming at
addressing both neutral and charged-current B-anomalies. Both are induced at tree-level
by S3 and, by SU(2)L relations, the b→ cτντ transition, tree-level in the SM, is related
to the FCNC transition b → sττ . Also, LFV is a natural consequence of leptoquark
couplings once also the coupling to muons is considered, as required by neutral-current
anomalies. While the LFV B-meson decays are already included in the global �ts de-
scribed in the previous Sections, the current bounds on b → sττ observables are of the
order of ∼ 10−3 and thus too weak to set constraints on the model parameters. However,
Belle II, with 50ab−1 of luminosity, will strongly improve the sensitivity, in particular
for the branching fraction of the semileptonic decays. On the other hand, the Upgrade
II of LHCb will set competitive bounds on the leptonic decay Bs → ττ . The relevant
future expected limits at 95% C.L. for Belle II [162] and LHCb [163] are summarised in
Table 6.
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Observable Present limit Belle II (5)50ab−1 LHCb Up.-II

b→ sτµ observables
Br(B+ → K+τ±µ∓) < 3.3(5.4)× 10−5 [109,110] 3.9× 10−6 O(10−6)
Br(Bs → τ±µ∓) < 4.2× 10−5 [108] ∼ 4× 10−6 ∼ 1× 10−5

b→ sττ observables
Br(B+ → K+τ+τ−) < 2.8× 10−3 [164] (7.7) 2.4× 10−5 -
Br(Bs → τ+τ−) < 6.8× 10−3 [165] (9.7)3× 10−4 5× 10−4

Table 6. Future Belle II and LHCb sensitivities, at 95% C.L., for b→ sτµ
and b→ sττ observables.

Figure 4.4.1. Results from the �t in the S1 + S
(LH)
3 model (left panel) and

in the S1 + S
(all)
3 (right panel). The red solid (dashed) lines correspond to the

50ab−1 (5ab−1) Belle II future bounds, at 95% C.L. . The blue solid line is the

prospected bound for the LHCb Upgrade II, on Br(Bs → ττ)/Br(Bs → ττ)SM.

In Fig. 4.4.1 we show how the preferred parameter-space regions for the models

S1 + S
(LH)
3 (left) and S1 + S

(all)
3 (right) map in the plane of the branching fractions

of the LFV decay B+ → K+τµ and the decay B+ → K+ττ (normalised to the SM
value).5 The red horizontal lines correspond to the Belle II future bounds at 95% C.L.
on Br(B+ → K+τ+τ−) at 5ab−1 (dashed lines) and 50ab−1 (solid lines), while the ver-
tical ones represent the Belle II 50ab−1 prospect for Br(B+ → K+τµ). One can see
that, in both scenarios, the predictions for both the non-LFV and LFV semileptonic B
decay into τ are in the ballpark of the future Belle II sensitivity at 50ab−1, while the
expected bounds at 5ab−1 are still too weak to set signi�cant constraints on the models.
Furthermore, one can notice that the future measurements of b → sττ observables are

5It should be noted that at tree-level in our model this ratio is the same for all decays involving the
b→ sττ transition, e.g. Bs → ττ (see Ref. [46]).
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constraining more strongly the parameter space of the S1 +S3
(LH) model than the one of

the S1 + S3
(all) model. For the leptonic decay Bs → τ+τ− at Belle II only the prospect

at luminosity of 5ab−1 is available; it is not shown in the plots since it is weaker with
respect to the semileptonic decays and correspond to a horizontal line at ∼ 1250. On
the other hand, for the Upgrade II of LHCb, the prospected bound on Br(Bs → τ+τ−)
(blue horizontal lines) is stronger and leads to constraints similar to the ones that we
obtain from the B+ → K+τ+τ− decay measured at 5ab−1 Belle II. In order to evaluate
the constraining power of future Br(Bs → τµ) measurements, in Fig. 4.4.1, one could
keep in mind that in our model we have Br(Bs → τµ)/Br(B+ → K+τµ) ≈ 0.89, at
tree-level [46].

4.5. Light generations

For the purpose of addressing B-anomalies and (g− 2)µ, S1 and S3 are only required
to couple to second and third generation quarks and leptons, whereas couplings to �rst
generation could in principle be very small. As already mentioned, the exact vanishing of
�rst generation couplings assumed in Ref. [46] was a mere working hypothesis, whereas
in more realistic models one would expect non-zero couplings, perhaps suppressed by
some mechanism, e.g. �avour symmetry.

In Ref. [146], the authors consider the S1 +S3 model with left-handed couplings only
(cf. Subsec. 4.3.3) and with an assumed U(2)5 �avour symmetry, which dictates the mag-
nitude of �rst generation couplings. As shown in the reference, the resulting constraints
from Kaon observables prevent a �t of R(D(∗)) beyond the 2σ level, in contrast with
our previous �ndings in Subsec. 4.3.3, where bounds from Kaon physics were neglected.
Ref. [146] also studies generic predictions for Kaon observables such as Br(KL → π0νν)
and Br(KS → µ+µ−), which could be potentially probed by KOTO stage-1 or LHCb are
found to be allowed, and for electronic observables such as µ→ e conversion in nuclei and
µ→ 3e decay, whose bounds are also expected to improve by several orders of magnitude
in the near future [166�170].

We see thus that in the S1 + S3 model there exist important correlations between
Kaon observables, electron number violating observables, and the B-anomalies. These
�ndings allow us to anticipate the leitmotiv of the next Chapter: if the B-anomalies
are experimentally con�rmed, a thorough understanding of how the anomalous b→ c`ν
and b→ s`` observables correlate with other observables will be crucial, both for model
validation and for prospects.

4.6. Conclusions

In this Chapter we examined in detail and at one-loop accuracy the phenomenology
of Standard Model extensions involving the two leptoquarks S1 and S3, motivated by
the experimental discrepancies observed in B-meson decays and in the muon anomalous
magnetic moment (g − 2)µ.

To this aim, we performed global �ts for several benchmark models to a comprehensive
list of �avor and electroweak precision observables, each computed at one-loop accuracy,
leveraging on our previous work [44]. For each model, we identify best-�t regions and
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Figure 4.6.1. For the best-�t points in each model studied in this Chapter,

we show the relative deviations from the Standard Model prediction in all ob-

servables, in terms of number of sigmas given by the experimental precision in

that observable. The black intervals represent the experimental measurements

major sources of tension, when present, and also provide prospects for B-decays to ττ
and τµ, in the experimental scope of Belle II and LHCb.

It is found that models involving only the S1 leptoquark can consistently address
R(D(∗)) and (g−2)µ anomalies, while a fully-satisfactory solution for b→ sµµ anomalies
is prevented by the combination of constraints from Bs-mixing and LFU in τ decays.
Conversely, the S3 leptoquark when taken alone can only address neutral-current B-
meson anomalies. A model with both S1 and S3, and only left-handed couplings for S1,
can address both B-anomalies but not the muon magnetic moment. Finally, allowing
for right handed S1 couplings makes it possible to �t also (g − 2)µ. Concerning the
prospects for both the LF conserving branching fraction Br(B → Kττ) and the LFV one
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Br(B → Kτµ), they are found to be in the ballpark of the future expected sensitivity of
Belle-II and LHCb.

A quick glance summary of the various models is provided by Fig. 4.6.1 where we
show, for the best-�t point of each model, the deviations from the SM prediction of
each of the most relevant observables studied in the global �t. The black dots and
intervals represent the experimentally preferred values and uncertainties, and for each
observable we normalize the x-axis to the corresponding uncertainty (i.e. we count the
number of standard deviations). Detailed informations for each model can be found in
Subsections 4.3.4-4.3.4. A separate analysis is provided in Sec. 4.3.5 for Higgs physics
observables and electroweak oblique corrections, which put constraints on leptoquark-
Higgs couplings.

To conclude, we �nd that the combination of S1 and S3 provides a good combined
explanation of several experimental anomalies: charged and neutral-current B-meson
anomalies as well as the muon magnetic moment. Their mass is necessarily close to the
1TeV scale, particularly to address charged-current anomalies R(D(∗)), and is thus in
the region that could still show some signals at HL-LHC, if they are light enough, but
that will de�nitely be tested at future hadron colliders.

In the next few years, several experiments are expected to provide concluding answers
as to the nature of all these puzzles. While at this time it is still very possible that some,
or all, of these will turn out to be only statistical �uctuations and will be shown to
be compatible with SM predictions, the possibility that even only one will instead be
con�rmed is real. Such an event would have profound and revolutionary implications for
our understanding of Nature at the smallest scales. The scalar leptoquarks considered
here are very good candidates for combined explanations and could thus be the heralds
of a new physics sector lying at the TeV scale.



CHAPTER 5

Rank One Flavor Violation

The B-anomalies, if experimentally con�rmed, could shed some light on the NP
�avour structure, which can be probed by studying the correlations between the anom-
alies and other �avour observables. This type of information is, generically speaking,
impossible to extract from few data such as the R(D(∗)) or R(K(∗)) discrepancies, and
without any speci�c model in mind. However, under some generic �avour assumptions,
one is sometimes able to draw model independent conclusions, which can be useful either
to exclude the initial guess itself, or to make theoretically well-grounded predictions.
This is the point of view taken in Ref. [45], a work in collaboration with D. Marzocca,
M. Nardecchia and A. Romanino, which I describe in this Chapter.

In [45], we assume that the NP sector giving rise to the R(K(∗)) anomalies couples
only to muons and to a single direction in quark �avour space. In other words, the NP
lagrangian takes the form12:

LNP = LNP
[
n̂∗i q

i, `2L, µR
]
, (5.0.1)

where n̂ is a unit complex vector. In this case, the Wilson coe�cient matrices of the
semileptonic operators contributing to R(K(∗)), which at the low-energy (i.e. GeV scale)
level are:

Oχ
ij = (diγρPLdj)(µγ

ρPχµ) (χ = L, R) (5.0.2)

are all of rank one and proportional:

Cχ
ij = Cχn̂in̂

∗
j (χ = L, R), (5.0.3)

with Cχ ∈ R. An equation similar to (5.0.3) holds for the Wilson coe�cients of SMEFT
operators, as we will discuss in more details below.

We dub the scenario described above as Rank One Flavor Violation (ROFV). Al-
though the ROFV assumption might appear quite ad-hoc, it is actually automatically
realized in a handful of models addressing R(K(∗)): single leptoquark models, models in
which the quark doublets mixes with a single generation of vector-like fermions, one-loop
models of linear �avour violation [88], to give some examples. It is worth to notice that,
as part of the ROFV hypothesis, it is assumed that the R(K(∗)) deviations are entirely

1Semileptonic operators including right handed quarks do not contribute to R(K(∗)) [171], and do
not have any impact on the bounds studied in our work, so that the right handed quark �elds d and u
are not considered in Eq. (5.0.1) and what follows.

2In order to avoid confusions between SM and low-energy quark and lepton �elds, in this Chapter
we shall denote SM chiral �elds by qiL, uiR, diR, `αL and eαR, whereas the notation without any explicit
chirality (such as µ, d, u, etc.) refers to the Dirac (non-chiral) quark and lepton �elds in the broken
electroweak symmetry phase.
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due to the muonic channel, i.e. the numerators in Eq. (3.2.1), which as we already
commented is supported by data.

Under the ROFV assumption, one can establish correlations between R(K(∗)) and
other �avour observables, which mainly depend on the NP direction n̂. For instance, in
the low energy setting of Eqs. (5.0.2), once the unit vector n̂ and the ratios CL : CR

are �xed, one can �t the overall energy scale of the Wilson coe�cients in Eq. (5.0.3) to
the R(K(∗)) data; this, in turn, allows to compute NP contributions to all observables
of the form di → djµµ. The latter information can be used in a two-fold way: either
to constrain the possible NP directions n̂ using the bounds coming from di → djµµ
processes (the main approach advocated in Ref. [45]), or to obtain predictions for these
processes for a given (motivated, in some way) direction n̂.

In our original work [45], we address only the neutral LFU ratio anomalies (i.e.
R(K(∗))), but it should be noted that even if an assumption analogous to Eq. (5.0.3)
held within the b→ cτντ sector, the corresponding unit vectors for neutral and charged
current Wilson coe�cients would, in general, be entirely uncorrelated.

Apart from identifying a set of relevant observables correlating with R(K(∗)) under
ROFV, the main conclusion of Ref. [45] is that, in models satisfying the rank-one con-
dition, NP couplings must be closely aligned to the third family of quarks. Such an
alignment can be naturally explained in the framework of �avour symmetries, in which
case the quark U(2)3

Q emerges as a promising candidate [45]. In the absence of �avour
symmetries, the phenomenological constraints analysed in Ref. [45] call either for an al-
ternative mechanism naturally providing the required alignment, or for a mere �ne-tuning
along the heavy quark family.

5.1. The ROFV framework

We start by listing the relevant e�ective operators for our analysis, both at the low-
energy scale of B-anomalies, and at the high-energy scale of SMEFT, i.e. the GeV
and TeV scales respectively. In what follows we consider only tree-level contributions to
Wilson coe�cients, so that the link between SMEFT and low-energy operators amounts
to a simple projection.

Model-independent analyses of neutral-current anomalies hint towards NP coupling
to quark and lepton vectorial currents [85,96,171�183]. As a matter of fact, the vast
majority of NP explanations of the anomalies boils down, at low energy, to one of the
following muonic operators:

OL = (sγρPLb)(µγ
ρPLµ), O9 = (sγρPLb)(µγ

ρµ), (5.1.1)

although it has been pointed out that allowing for NP in both muons and electrons
provides a slight improvement in the �ts [184�186].

The two low-energy operators in Eq. (5.1.1) can be thought to be part of an e�ective
lagrangian involving all the three quark families

LEFTNP = Cij
L (diγρPLdj)(µγ

ρPLµ) + Cij
R (diγρPLdj)(µγ

ρPRµ) , (5.1.2)

where the coe�cient of the OL operator is identi�ed with Csb
L , the coe�cient of the O9

operator with Csb
L + Csb

R , and we have focussed on muon processes on the leptonic side.
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RK [1.1, 6]GeV2 0.846± 0.062 LHCb [27,187]

RK∗ [0.045, 1.1]GeV2 0.66± 0.11 LHCb [31]
0.52+0.36

−0.26 Belle [188]

RK∗ [1.1, 6]GeV2 0.69± 0.12 LHCb [31]
0.96+0.45

−0.29 Belle [188]
RK∗ [15, 19]GeV2 1.18+0.52

−0.32 Belle [188]

Br(B0
s → µµ)

(3.0+0.67
−0.63)× 10−9 LHCb [30]

(2.8+0.8
−0.7)× 10−9 ATLAS [32]

Table 1. Clean observables sensitive to bsµµ contact interactions.

From the SMEFT point of view, the operators that can contribute to (5.1.2) at the
tree-level are collected in the following lagrangian:

LSMEFT
NP = Cij

S (qiLγρqjL)(`2Lγ
ρ`2L)+Cij

T (qiLγρτ
aqjL)(`2Lγ

ρτa`2L)+Cij
R (qiLγρqjL)(µRγ

ρµR)
(5.1.3)

with Cij
L = Cij

S + Cij
T . In the previous equation, `iL = (νiL, e

i
L)
t
and qiL =

(
V ∗jiu

j
L, d

i
L

)t
are the lepton and quark doublets, in the charged-lepton and down quarks mass basis
respectively, and V is the CKM matrix.

Our key assumption is that the NP sector responsible of the RK(∗) signal couples
to a single direction in the quark �avour space (as mentioned, we focus here on muon
processes on the leptonic side), which requires the Wilson coe�cient matrices Cij

S,T,R in

Eq. (5.1.3) (and consequently Cij
L,R in (5.1.2)) to be rank-one and proportional:

Cij
S,T,R,L = CS,T,R,Ln̂in̂

∗
j (5.1.4)

where CS,T,R,L ∈ R, CL = CS +CT , and n̂i is a unitary vector in U(3)q �avour space. We
dub this scenario Rank-One Flavor Violation (ROFV). Rather than being an assumption
on the �avour symmetry and its breaking terms (such as Minimal Flavor Violation [79],
for example), this is an assumption on the dynamics underlying these semileptonic op-
erators. We refer to [189,190] for similar approaches in di�erent contexts.

It is perhaps worth emphasizing that our analysis does not rely upon any particular
assumption concerning NP e�ects in the τ sector, as far as observables with muons are
concerned. Such e�ects could become relevant only when considering observables with
neutrinos, whose �avour is not observed, or loop-generated ones such as ∆F = 2 processes
in leptoquark models.3 On the other hand, we do assume negligible NP e�ects in the
electron sector. This is, by itself, a reasonable assumption since it is supported by data
and it is also well motivated in scenarios where NP couplings to leptons follows the same
hierarchy as SM Yukawas (such as SU(2)5 �avour symmetries or partial compositeness).

3Since experimental limits on semi-tauonic operators are much weaker than those on semi-muonic
ones, couplings of new physics to tau leptons can be much larger than to muons, which is consistent
with theoretical expectations from NP coupled preferentially to the third family, and for example allows
combined explanations of both neutral and charged-current B-meson anomalies, see e.g. the analysis
in [81].
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The ROFV assumption is well motivated. For example, it is automatically realised
in all single leptoquark models generating the operators in Eq. (5.1.1) at low energy4

(see e.g. Ref. [132] for a recent comprehensive analysis). Furthermore, Eq. (5.1.4)
is automatically satis�ed in all cases where a single linear combination of SM quark
doublets couples to NP. This condition is actually stronger than strictly required by
ROFV, since not only semimuonic operators have rank-one coe�cients, but all operators
involving quark doublets. This scenario �nds realization in several UV models, such
as models with single vector-like fermion mediators, and one-loop models with linear
�avour violation [88]. Contrary to the MFV or the minimally broken U(2)5 scenarios,
which predict the �avour structure of all NP contributions, the ROFV assumption is
speci�c to the set of semimuonic operators in Eq. (5.1.3). On the other hand, while
those scenarios require strong assumptions on the �avour symmetry and its symmetry-
breaking terms, ROFV can be accidentally realised from the underlying dynamics, see
e.g. Refs. [191,192].

From a theoretical point of view it might be natural to expect the direction of the
unitary vector n̂ to be close to the third generation of SM quarks. This case is studied
in more detail in Sec. 5.4. In the following, instead, we abandon any theory prejudice
on n̂ and study what are the experimental constraints on its possible directions. We
parametrize n̂ as

n̂ =

sin θ cosφeiαbd

sin θ sinφeiαbs

cos θ

 , (5.1.5)

where the angles and phases can be chosen to lie in the following range:

θ ∈
[
0,
π

2

]
, φ ∈ [0, 2π) , αbs,bd ∈

[
−π

2
,+

π

2

]
(5.1.6)

The values of the angles and phases associated to speci�c directions in �avour space (up
and down quarks) are collected in Table 2 and shown in the corresponding Figure.

The ROFV structure of the semileptonic operators, Eq. (5.1.4), implies the existence
of correlations between the NP contributions to b → sµµ anomalous observables and
to other observables. In the SMEFT, additional correlations follow from the SU(2)L
invariance of the lagrangian in (5.1.3). We can then take advantage of the experimental
constraints on those additional observables to constrain the �avour directions n̂ account-
ing for the anomalies. In order to do that, we proceed as follows: for a given direction n̂,
we �x (some combination of) the overall coe�cients in Eq. (5.1.4) by matching with the
best-�t value of the Csb

L (or Csb
9 ) coe�cient obtained from global �ts. Once this is done,

we can compute NP contributions to other semileptonic processes as functions of n̂, and
compare with the corresponding experimental values/bounds. By this procedure, we are
able to narrow down considerably the space of allowed �avour directions n̂.5

We analyse the constraints on the direction n̂ under di�erent assumptions. We begin
in Sec. 5.2 by using the e�ective description in (5.1.2) and focussing on the case CR = 0.

4To be precise, the correlations discussed in the present Chapter apply to all single leptoquark
models in which the coupling to electrons is suppressed with respect to the one to muons.

5We checked explicitly that the results obtained in this way, i.e by �xing CbsL,9 to its best-�t point,
or by performing a global χ2 analysis to get the 95%CL excluded region agree very well with each other.
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quark n̂ φ θ αbd αbs
down (1, 0, 0) 0 π/2 0 0
strange (0, 1, 0) π/2 π/2 0 0
bottom (0, 0, 1) 0 0 0 0
up ei arg(Vub)(V ∗ud, V

∗
us, V

∗
ub) 0.23 1.57 −1.17 −1.17

charm ei arg(Vcb)(V ∗cd, V
∗
cs, V

∗
cb) 1.80 1.53 −6.2× 10−4 −3.3× 10−5

top ei arg(Vtb)(V ∗td, V
∗
ts, V

∗
tb) 4.92 0.042 −0.018 0.39

Table 2. SM quark directions of the unitary vector n̂i. The plot shows
the corresponding directions in the semi-sphere described by the two angles
(θ, φ).

This allows us to derive general correlations with other didjµµ observables. In Sec. 5.3 we
extend the analysis to SU(2)L ×U(1)Y invariant operators, thus enabling us to consider
also observables with up-quarks and/or muon neutrinos. Tab. 3 shows the dependencies
of the various types of process upon the three coe�cients CS,T,R. In particular, we con-
sider speci�c combinations of CS,T,R obtained in some single-mediator simpli�ed models:
S3 and U

µ
1 leptoquarks, as well as of a Z ′ coupled to the vector-like combination of muon

chiralities. In Sec. 5.4 we study the connection of our rank-one assumption with U(3)5

and U(2)5 �avour symmetries. A discussion on the impact of future measurements is
presented in Sec. 5.5. The simpli�ed �t of the RK and RK∗ anomalies used below, as
well as details on the �avour observables considered, are collected in the two Appendices
of the original reference [45].
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Channel Coe�cient dependencies

di → djµ
+µ− CS + CT , CR

ui → ujνµνµ CS + CT

ui → ujµ
+µ− CS − CT , CR

di → djνµνµ CS − CT
ui → djµ

+νµ CT
Table 3. Dependencies of various semileptonic processes on the three
coe�cients CS,T,R (cf. Eq. (5.1.4)). Here and in the text, a given quark
level process represents all processes obtained through a crossing symmetry
from the shown one.

Observable Experimental value/bound SM prediction References

Br(B0
d → µ+µ−) < 2.1× 10−10 (95% CL) (1.06± 0.09)× 10−10 [32,193]

Br(B+ → π+µ+µ−)[1,6] (4.55+1.05
−1.00 ± 0.15)× 10−9 (6.55± 1.25)× 10−9 [194�196]

Br(KS → µ+µ−) < 1.0× 10−9 (95% CL) (5.0± 1.5)× 10−12 [197]
Br(KL → µ+µ−)SD < 2.5× 10−9 ≈ 0.9× 10−9 [198,199]
Br(KL → π0µ+µ−) < 3.8× 10−10 (90% CL) 1.41+0.28

−0.26(0.95+0.22
−0.21)× 10−11 [200�204]

Table 4. Observables with direct correlation with bsµµ.

5.2. General correlations in V − A solutions

In this Section, we study the correlations that follow directly from the rank-one
condition, for all models in which NP couples only to left-handed fermions. We begin by
using the e�ective description in (5.1.2). For CR = 0, and for �xed θ and φ in the ranges
speci�ed by Eq. (5.1.6), the coe�cient CL = CS + CT and the phase αbs are univocally
determined by the b→ sµ+µ− anomalies �t:

CL sin θ cos θ sinφeiαbs = Cbs
L ≡

eiαbs

Λ2
bs

. (5.2.1)

From a �t of the observables listed in Table 1, we �nd that the phase αbs has an approxi-
mately �at direction in the range |αbs| . π/4. Since a non-zero phase necessarily implies
a lower Λbs scale in order to �t the anomalies, to be conservative we �x αbs = 0. In this
case the best-�t point for the NP scale is:

(Λbs)best-�t = 38.5TeV (5.2.2)

We now constrain n̂ (or, more precisely, θ and φ for given αbs) using the other observ-
ables correlated with RK by the relation Cij

L = CLn̂in̂
∗
j . Such observables are associated

to the quark-level transitions

di → djµ
+µ− (5.2.3)
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Figure 5.2.1. Limits in the plane (φ, θ) for two choices of the phases αbs
and αbd from observables with direct correlation with RK(∗) . The blue con-
tours correspond to the value of |CL|−1/2 in TeV, where solid (dashed) lines
are for positive (negative) CL. The meshed red region correspond to the
one suggested by partial compositeness or SU(2)q-like �avour symmetry,
Eq. (5.4.5) with |abd,bs| ∈ [0.2− 5].

and cross-symmetric counterparts. The most relevant among those observables are listed
in Tab. 4, and the corresponding allowed regions for θ, φ are shown in Fig. 5.2.1 in the
two cases (αbd, αbs) = (0, 0) and (αbd, αbs) = (π/2, 0). As can be seen from the plots, the
most severe bounds arise from B+ → π+µ+µ− (LHCb [194]) and KL → µ+µ− (E871
[198,199]). However, the latter observable does not yield any bound for αbd−αbs = π/2,
i.e. for ReCds

L = 0. The imaginary part of that coe�cient can instead be tested by
KS → µ+µ− (LHCb [205]) and KL → π0µ+µ− (KTeV [200]). More details on the
observables and their NP dependence can be found in Ref. [45].

As a �nal remark, let us stress that here and in the following we are ignoring possible
NP contributions to (pseudo)scalar, tensor, or dipole operators. While these are known
to be too constrained to give signi�cant contributions to RK(∗) (see e.g. [172]), they may
nonetheless produce important e�ects in other observables, so that some of the bounds
discussed here may be relaxed, if some degree of �ne-tuning is allowed.

5.3. SMEFT and simpli�ed mediators

Let us now assume that the e�ective operators in (5.1.2) originate from the SM-
invariant ones in (5.1.3), as expected. The SU(2)L invariance then relates di → djµ

+µ−

processes to processes involving up quarks and muon neutrinos listed in Tab. 3. Using
the experimental constraints on those, we can impose further constraints on n̂. These,
though, are model dependent even in the CR = 0 case, as they depend on the relative
size of the two operators in (5.1.3) contributing to CL, i.e. CS and CT . The origin of the
model dependence can be clari�ed taking advantage of a phenomenological observation.
Our analysis (see below) shows that the the most relevant constraints come from the
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Simpli�ed model Spin SM irrep (cS, cT , cR)
S3 0 (3, 3, 1/3) (3/4, 1/4, 0)
U1 1 (3, 1, 2/3) (1/2, 1/2, 0)
U3 1 (3, 3, 2/3) (3/2,−1/2, 0)
V ′ 1 (1, 3, 0) (0, 1, 0)
Z ′ 1 (1, 1, 0) (1, 0, cR)

Table 5. Wilson coe�cients ratios (cf. Eq. (5.3.4)) for some single-
mediator simpli�ed models.

processes
di → djµ

+µ− and di → djνµνµ . (5.3.1)

As Table 3 shows, those two classes of processes are associated respectively to the two
operators O± whose Wilson coe�cients are C± = CS ± CT (note that C+ ≡ CL), i.e.

O+
ij =

OSij +OTij
2

= (qiLγµ`2L)
(
¯̀2
Lγ

µqjL
)

(5.3.2)

O−ij =
OSij −OTij

2
= 2

(
qciL`2L

) (
`2
Lq

c
jL

)
. (5.3.3)

The model-independent constraints shown in Fig. 5.2.1 only take into account the di →
djµ

+µ− processes and as such only depend on C+, which is thus the only combination
�xed by RK(∗) . On the other hand, the model-dependent weight of the di → djνµνµ
constraints depends on the relative size of C−. In this context, the results in 5.2.1
correspond to a SMEFT with C− = 0, i.e. to the U1 case in Tab. 5.

Note that the experimental constraints on the processes involving neutrinos do not
distinguish among the three neutrino �avours. In order to get constraints on the muon
neutrino operators we consider, one should then make an assumption on the relative size
of the operators with di�erent neutrino �avours. Below, we will conservatively assume
that only the muon neutrino operators contribute to the neutrino processes.

In order to reduce the number of free parameters, we focus in this Section on single-
mediator simpli�ed models, which generate speci�c combinations of the three operators
when integrated out at the tree-level. Some relevant benchmarks are shown in Table 5,
where in the last column we list the ratios:

cX ≡
CX

CS + CT
=
CX
C+

(X = S, T,R) . (5.3.4)

Notice that the exclusions shown in Fig. 5.2.1 hold in all models in Table 5, except for
the Z ′V which has vector-like coupling to muons. We �nd that the most relevant bounds,
beyond those already analized, arise from the FCNC observables Br(K+ → π+νµνµ) and
Br(KL → π0νµνµ), reported in 6. The connection of these observables with the B-meson
anomalies has also been emphasised in Ref. [206]. The e�ect of constraints from rare kaon
decays on LQ models addressing instead the ε′/ε anomaly have been studied in Ref. [207].
Some simpli�ed models also allow to compute neutral meson mixing amplitudes, which
we include in the analysis when appropriate.

Some comments are in order regarding the phenomenological relevance of the various
processes listed in 3. Flavor observables of the type ui → ujνµνµ or ui → ujµ

+µ− are
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Observable Experimental value/bound SM prediction References

Br(K+ → π+νµνµ) (17.3+11.5
−10.5)× 10−11 (8.4± 1.0)× 10−11 [208,209]

Br(KL → π0νµνµ) < 3.0× 10−9 (90% CL) (3.4± 0.6)× 10−11 [107,209]
Table 6. RK(∗)-correlated observables for single-mediator models.

much less constrained than their di → dj counterparts, from the experimental point of
view. On the other hand, the charged current processes ui → djµ

+νµ (which could in
principle yield correlations between C+ and C−), being unsuppressed in the SM, receive
only tiny corrections in the present framework. It turns out that all these observables lead
to weaker bounds than those arising from other sectors, so that we omit them altogether
from our analysis (as possibly relevant observables, we examined Br(J/ψ → invisible),
Br(D0 → µ+µ−) and Br(K+(π+) → µ+νµ), for the three kind of quark level processes
mentioned above, respectively.). Instead, for the purpose of comparison, we display in
this Section the collider bounds arising from the high-pT tails of muonic Drell-Yan process
measured at LHC [210], for which we follow the analysis of Ref. [135]. As it can be seen
from the plots below, the collider bounds are outmatched by FCNC bounds in a large
part of parameter space. The only region where LHC searches are the most relevant
constraint is close to the bottom quark direction, i.e. for θ � 1, as it can be seen directly
in the top-left panel of Fig. 5.3.1 in the case of the S3 leptoquark.

In the rest of this Section we focus on the following models:

(1) Scalar leptoquark S3. This is the simplest renormalizable model explaining the
RK(∗) anomalies with NP in muons [172,179,191,192,211�213].

(2) Vector leptoquark U1. Besides having some theoretical motivation (from Pati-
Salam SM extensions), this is the only single-mediator simpli�ed model for which
a combined explanation of RK(∗) and RD(∗) anomalies is possible [81,214�223].

(3) Vector singlet Z ′ with vector-like coupling to muons and a single vectorlike
partner for quark doublets. Arguably the most compelling O9-type solution, it
is relevant to some interesting proposals such as gauged Lµ − Lτ or B3 − 3Lµ,
see for example Refs. [224�227].

5.3.1. Scalar leptoquark S3. The relevant interaction of the S3 leptoquark with
SM quarks and leptons can be described by the Lagrangian:

LNP ⊃ βiµ(qciLεσ
a`2L)Sa3 + h.c. (5.3.5)

where we focussed on the interaction with muons. Integrating out S3 at the tree-level,
the e�ective operators in Eq. (5.1.3) are generated, with

Cij
S =

3

4

β∗iµβjµ

M2
S3

, Cij
T =

1

4

β∗iµβjµ

M2
S3

, Cij
R = 0 (5.3.6)

We can match to our parametrization by writing the coupling in (5.3.5) as β∗iµ ≡ β∗ n̂i,
giving C+ = |β|2/M2

S3
> 0, cS = 3/4, cT = 1/4, and cR = 0. Since in this case

C+ = CL > 0 and the r.h.s. of Eq. (5.2.1) is also positive, the angle φ is restricted to the
range φ ∈ [0, π]. The constraints on φ and θ we obtain are shown in Fig. 5.3.1.
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Figure 5.3.1. Limits in the plane (φ, θ) for the scalar leptoquark S3 and
two choices of the phases αbs and αbd. In addition to the limits in Fig.1,
the orange bound is from K → πνν while the red one is from the high-pT
tail of pp → µ+µ− at the LHC [135]. The top-left panel is a zoom of the
region θ � 10 of the bottom-left one, which shows in more detail the region
excluded by LHC dimuon searches. The dashed purple contour lines are
the upper limits (in TeV) on the leptoquark mass from ∆F = 2 processes.

The scalar LQ S3 generates a contribution to ∆F = 2 processes at the one-loop level.
The relevant diagrams are �nite and the contribution from muonic loops is given by:

∆L∆F=2 = − 5

128π2
C2

+M
2
S3

[
(n̂in̂

∗
jdiLγ

αdjL)2 + (Vikn̂kn̂
∗
l V
∗
jl uiLγ

αujL)2
]

(5.3.7)

Given a direction in quark space, i.e. a �xed n̂, and �xing C+ to reproduce RK(∗) , the
experimental bounds on K − K̄, Bd,s − B̄d,s, and D0 − D̄0 mixing can be used to set
an upper limit on the LQ mass, assuming the muonic contributions shown in Eq. (5.3.7)
to be dominant compared to other possible NP terms. For the sake of clarity, it is
worth remarking that loops involving τ leptons could in general also give substantial
contributions to Eq. (5.3.7), possibly making the bounds on MS3 qualitatively stronger
or weaker than those shown in Fig. 5.3.1, depending on the speci�c �avour structure
of leptoquark couplings. Another upper limit on its mass, for a given value of C+,
can be set by requiring that the coupling β does not exceed the perturbative unitarity
limit |βmax|2 = (8π)/(3

√
3) [39]. The contours of the strongest of these two upper

limits on MS3 are shown as dashed purple lines (in TeV) in the plots of Fig. 5.3.1. The
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Figure 5.3.2. Limits in the plane (φ, θ) for the vector leptoquark U1 and
two choices of the phases αbs and αbd. The red region is excluded by the
high-pT tail of pp→ µ+µ− at the LHC [135].

perturbativity limit is never stronger than the one from ∆F = 2 processes in this scenario.
Direct searches at the LHC of pair-produced leptoquarks, on the other hand, set lower
limits on its mass, which are now in the ∼ 1 TeV range.

5.3.2. Vector leptoquark U1. The interaction lagrangian of the vector leptoquark
U1 is

LNP ⊃ γiµ(qiLγα`2L)Uα
1 + h.c. (5.3.8)

The matching to the SMEFT operators generated by integrating out U1 at the tree-level
is given by:

Cij
S = Cij

T = −1

2

γiµγ
∗
jµ

M2
U1

, CR = 0. (5.3.9)

We can match to our parametrization by de�ning γiµ ≡ γ n̂i, corresponding to C+ =
−|γ|2/M2

U1
< 0, cS = 1/2, cT = 1/2, and cR = 0. Contrary to the S3 model, the U1 LQ

implies C+ = CL < 0. Therefore, Eq. (5.2.1), whose r.h.s. is positive, restricts the angle
φ to the range [π, 2π). The constraints on φ and θ we obtain are shown in 5.3.2. As
anticipated, they coincide with the constraints (in the π < φ < 2π part) of 5.2.1.

Like S3, also the U1 vector LQ contributes to meson anti-meson mixing at one-loop.
Such a contribution is however UV-divergent and, in order to be calculable, requires a
UV-completion of the simpli�ed model. In general such UV completions contains other
contributions to the same processes, which must also be taken into account [216�221,
223].
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Figure 5.3.3. Limits in the plane (φ, θ) for the vector singlet Z ′ with
vector-like couplings to muons and two choices of the phases αbs and αbd.
The dashed purple contour lines are upper limits on the Z ′ mass [TeV]
from ∆F = 2 processes using Eq. (5.3.15).

5.3.3. Vector singlet Z ′ with vector-like couplings to muons. Let us consider
a heavy singlet vector Z ′ with couplings:

LNP ⊃
[
gqn̂in̂

∗
j(qiLγ

αqjL) + gµ(`2Lγ
α`2L + µRγ

αµR)
]
Z ′α (5.3.10)

Such a �avour structure of the Z ′ couplings to quarks could arise, for example, by assum-
ing that they couple to Z ′ only via the mixing with a heavy vector-like quark doublet Q
in the form

MiQqiL + h.c. . (5.3.11)

In such a case, n̂i ∝M∗
i . The matching with the SMEFT operators in this case is given

by:

Cij
S = Cij

R = −gqgµ
M2

Z′
n̂in̂

∗
j , CT = 0, (5.3.12)

corresponding to C+ = −gqgµ/(M2
Z′), cS = 1, cR = 1, and cT = 0. The matching to the

operators relevant for the b→ sµµ anomalies is now

C+ sin θ cos θ sinφeiαbs =
GFα√

2π
VtbV

∗
ts∆C

µ
9 . (5.3.13)

Note that in this scenario the overall coe�cient C+ can take any sign. It is worth noting
that all purely leptonic meson decays such as KL,S or B0 to µµ vanish in this setup since
the leptonic current is vector-like 6. The only relevant limits then arise from B+ → π+µµ,
K+ → π+νν, and from LHC dimuon searches, as shown in Fig. 5.3.3.

6The J = 0 constraint forces the �nal muon pair to be in a state with C = +1, whereas the vectorial
current µγµ has negative C-parity.
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This model also generates at the tree-level four quark operators which contribute to
∆F = 2 observables:

∆L∆F=2 = −
g2
q

2M2
Z′

[
(n̂in̂

∗
jdiLγ

αdjL)2 + (Vikn̂kn̂
∗
l V
∗
jl uiLγ

αujL)2
]

(5.3.14)

For a �xed direction in quark space, n̂, and a �xed value of RK(∗) , we can use ∆F = 2
constraints to put an upper limit on the ratio rqµ ≡ |gq/gµ|. We can then assign a
maximum value to gµ and derive an upper limit for the Z ′ mass:

M lim
Z′ = min

√ rlimqµ
|C+|

∣∣gmaxµ

∣∣ ,√∣∣∣∣gmaxµ gmaxq

C+

∣∣∣∣
 (5.3.15)

where the �rst limit is from ∆F = 2 observables while the second is from perturbativity.
For the maximum values of the couplings we use the limits from perturbative unitarity
from Ref. [39], |gmax

µ |2 = 2π and |gmax
q |2 = 2π/3.

5.4. ROFV and �avour symmetries

In the previous Sections we have been agnostic about the structure of the rank one
coe�cients of the NP interactions, and parameterised it in terms of the unit vector n̂.
Here we would like to illustrate, with a �avour symmetry example, the possible theoretical
expectations on the direction in �avour space at which n̂ points.

In the SM, the gauge lagrangian �avour group

U(3)5 ≡ U(3)q × U(3)` × U(3)u × U(3)d × U(3)e (5.4.1)

is explicitly broken by the Yukawa couplings Yu,d,e. Here, the unit vector n̂, and the UV
couplings from which it originates, represent an additional source of explicit breaking.
In fact, we can formally assign the UV couplings introduced in the previous Section (and
the SM Yukawa couplings) quantum numbers under U(3)5:

SM :


Yu ∼ 3q ⊗ 3̄u,

Yd ∼ 3q ⊗ 3̄d,

Ye ∼ 3` ⊗ 3̄e.

n̂i ∝


βiµ ∼ 3q ⊗ 3` S3,

γiµ ∼ 3q ⊗ 3` Uµ
1 ,

Mi ∼ 3q Z ′, V ′
(5.4.2)

Therefore, di�erent models can be characterised not only in terms of the SM quantum
numbers of the messengers, but also in terms of the �avour quantum numbers of the
couplings.

Correlations between the two sets of couplings in (5.4.2) can arise if they share a
common origin. This may be the case, for example, if we assume a subgroup G ⊆ U(3)5

to be an actual symmetry of the complete UV lagrangian, and the above couplings to
originate from its spontaneous breaking by means of a common set of ��avon� �elds.

Correlations cannot arise if G coincides with the full U(3)5. The quantum numbers
of the relevant �avons coincide in this case with the transformation properties in (5.4.2).
Therefore, the �avons entering the Yukawas and the NP couplings are in this case entirely
independent. In particular, the ROFV assumption is not compatible with the Minimal
Flavor Violation one [79]. We therefore need to consider proper subgroups of U(3)5.
Among the many possibilities, let us consider the G = U(2)5 subgroup of transformations
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Figure 5.4.1. Region excluded at 95%CL in a global �t of bsµµ clean
observables and the other didjµµ ones listed in 4, assuming the structure
of Eq. (5.4.3), in the plane (γ, cU2). The relevant observable in the excluded
region is KL → µ+µ−. The range |cU2| ∈ [0.2 − 5] is highlighted as the
meshed red region. Blue lines indicate the size of the overall coe�cient
|CL|−1/2 (in TeV), as extracted from the �t. Solid (dashed) lines are for
positive (negative) values of CL.

on the �rst two fermion families. The latter extends the quark U(2)3 [80] to the leptons,
relevant for two of the three NP couplings in (5.4.2). Some of the conclusions we will
draw hold for a generic extension to U(2)3 × Gl, where Gl only acts on leptons.

The fact that correlations can arise in the U(2) case is not a surprise. In the unbroken
limit, the versor n̂ and the SM Yukawas must leave the same U(2)q subgroup invariant,
and are therefore aligned (although no �avour violation would be generated in such a
limit). In order to investigate them, we write all the G-violating couplings as VEVs of
�avons with irreducible G quantum numbers, and assume the UV theory to contain at
most one �avon of each type. The predictions that follow then depend on the structure
of the �avon sector, as we now discuss.

Let us �rst consider the case, which we will refer to as �minimally broken� U(2)5, in
which no �avon is charged under both the quark U(2)3 and the lepton U(2)2, or Gl. In
such a case one �nds a precise correlation between the �rst two components of the unit
vector n̂ and of the third line of the CKM matrix: n̂1/n̂2 = V ∗td/V

∗
ts, up to corrections of

order ms/mb. We then have

n̂U2 ∝
(
cU2e

iγV ∗td, cU2e
iγV ∗ts, 1

)
(5.4.3)

where cU2 ∼ O(1) and the normalisation is �xed by the condition |n̂|2 = 1. Comparing
with the parametrization in Eq. (5.1.5), one gets:

tanφ =
|Vts|
|Vtd|

, tan θ ≈ cU2|Vts| , αbd = − arg(Vtd) + γ , αbs = − arg(Vts) + γ .

(5.4.4)
This prediction also applies in the case of Z ′ or V ′ messengers, independent on whether
U(2)5 is minimally broken or not.
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In the presence of �avons charged both under the quark and lepton part of the
�avour group, or in the presence of more �avons with the same �avour quantum num-
bers, the above prediction does not need to hold. On the other hand, with reasonable
assumptions on the size of the �avons, one obtains a generic correlation between the
unit vector n̂ and the third line of the CKM matrix, which holds up to O(1) factors:
n̂ = (O(Vtd),O(Vts),O(1)). We can parametrize such a scenario in full generality as

n̂ ∝
(
abde

iαbd |Vtd| , abseiαbs |Vts| , 1
)

(5.4.5)

where abd and abs are O(1) real parameters. The area in the (φ, θ) plane corresponding
to values |abs,bd| ∈ [0.2−5] is shown as a meshed-red one in the plots of Figs. 5.2.1, 5.3.1,
5.3.2.

The correlation in (5.4.5) is also found with di�erent �avour groups, and in models
with partial compositeness (and no �avour group). In the limit in which the top quark
exchange dominates FCNC processes, the SM itself satis�es the ROFV condition, with
n̂ = (V ∗td, V

∗
ts, V

∗
tb) also in the form above.

One comment is in order about the role of the lepton �avour sector. The latter can
play a twofold role. On the one hand, it can a�ect the prediction for the direction of n̂.
This can be the case for S3 and Uµ

1 messengers, for which n̂ is associated to the muon
row of the β and γ matrices in (5.4.2). On the other hand, the lepton �avour breaking
can a�ect the overall size of the e�ect. The anomalies require in fact a breaking of µ-e
lepton universality, whose size is associated to the size of U(2)l breaking. A sizeable
breaking is necessary in order to account for a NP e�ect as large as suggested by the
B-meson anomalies. A detailed analysis of the implications of the anomalies for lepton
�avour breaking and for processes involving other lepton families is outside the scope of
this work.

We now focus on the case of minimally broken U(2)5, (5.4.4). The 95%CL limit in
the plane (γ, cU2), from our global �t of bsµµ clean observables and the other didjµµ
ones (Tab. 4) is shown in Fig. 5.4.1-Left. The relevant observable in the excluded region
is KL → µ+µ−. For positive (negative) values of C+ we obtain a limit cU2 & −20 (. 65),
which are well outside the natural region predicted by the �avour symmetry.

Another interesting point is that, within the parametrization (5.4.3), one has

RK ≈ Rπ (5.4.6)

up to O(ms/mb) corrections, where:

RH ≡
Br(B → Hµ+µ−)[1,6]

Br(B → He+e−)[1,6]

(H = K, π) (5.4.7)

so that a comparison between the two observables could in principle rule out, in this
context, the V ′ and Z ′ cases, as well as minimally broken U(2)5. Assuming no NP in the
electron channels, we also have7:

Rπ =
Br(B → πµ+µ−)[1,6]

Br(B → πµ+µ−)SM[1,6]

(5.4.8)

7Using the LFU ratios (5.4.7) is of course advisable from the theoretical point of view. Unfortunately,
there are no measurements of Br(B → πe+e−), at present.



5.5. PROSPECTS 74

Observable Expected sensitivity Experiment Reference

RK
0.7 (1.7)% LHCb 300 (50) fb−1 [163]
3.6 (11)% Belle II 50 (5) ab−1 [162]

RK∗
0.8 (2.0)% LHCb 300 (50) fb−1 [163]
3.2 (10)% Belle II 50 (5) ab−1 [162]

Rπ 4.7 (11.7)% LHCb 300 (50) fb−1 [163]

Br(B0
s → µ+µ−)

4.4 (8.2)% LHCb 300 (23) fb−1 [163,228]
7 (12)% CMS 3 (0.3) ab−1 [228]

Br(B0
d → µ+µ−)

9.4 (33)% LHCb 300 (23) fb−1 [163,228]
16 (46)% CMS 3 (0.3) ab−1 [228]

Br(KS → µ+µ−) ∼ 10−11 LHCb 300fb−1 [163,228]

Br(KL → π0νν)
∼ 1.8× 10−10 KOTO phase-I 7

20% KOTO phase-II 7

20% KLEVER [229]
Br(K+ → π+νν) 10% NA62 goal [230]
Table 7. Future prospects for the precision reach in various �avour
observables. The expected sensitivity in percent are quoted with respect
to the Standard Model prediction.

The RHS of Eq. (5.4.8) is, experimentally, (cf. Table 4):

Br(B → πµ+µ−)exp[1,6]

Br(B → πµ+µ−)SM[1,6]

= 0.70± 0.30, (5.4.9)

showing no tension neither with the SM prediction, nor with the U(2)5 prediction (5.4.6).
Another prediction of this setup is for the branching ratio of B0

d → µ+µ− with respect
to Bs → µ+µ−:

Br(B0
s → µ+µ−)

Br(B0
s → µ+µ−)SM

≈ Br(B0
d → µ+µ−)

Br(B0
d → µ+µ−)SM

(5.4.10)

The two predictions (5.4.6) and (5.4.10) are independent on the speci�c chiral structure
of the muon current. If the operators responsible for RK(∗) are left-handed only, the two
ratios in Eq. (5.4.10) are also predicted to be of the same size as RK and Rπ, up to O(2%)
corrections. Such corrections are however negligible when compared to the expected
precision in the measurements of these relations, which is at best of ≈ 4%, cf. 7. It is
perhaps worth pointing out that the predictions in Eqs. (5.4.6,5.4.10) are a consequence
of the minimally broken U(2)5 �avour symmetry alone, independently of the ROFV
assumption. This can be understood from the fact that the b − s and b − d transitions
are related by U(2)5 symmetry as Cbd

S,T/C
bs
S,T = (Vq)

1/(Vq)
2 = V ∗td/V

∗
ts = n1

U2/n
2
U2, where

Vq is the spurion doublet under U(2)q.

5.5. Prospects

Future measurements by LHCb, Belle-II, and other experiments are expected to im-
prove substantially the precision of most of the observables studied in the present Chap-
ter. We collect in Table 7 the relevant prospects.



5.5. PROSPECTS 75

�

��

��

�

��

��

d -du s -sc

b t

� �� ° �� ° ��� ° ��� ° ��� ° ��� ° ��� ° ��� °
��°

��°

�°
� �� ° �� ° ��� ° ��� ° ��� ° ��� ° ��� ° ��� °

��°

��°

�°

ϕ

θ
LH - General correlations (αbs=0, αbd=0) - Prospects

�

��

��

�

��

��

d -du s -sc

b t

� �� ° �� ° ��� ° ��� ° ��� ° ��� ° ��� ° ��� °
��°

��°

�°
� �� ° �� ° ��� ° ��� ° ��� ° ��� ° ��� ° ��� °

��°

��°

�°

ϕ

θ

LH - General correlations (αbs=0, αbd=π/2) - Prospects

Rπ B0→μμ KL→μμ KS→μμ U(2)-like |CL -1/2 [TeV]

Figure 5.5.1. Future prospects for the exclusion limits in the plane (φ, θ)
for two choices of the phases αbs and αbd from observables with direct
correlation with RK(∗) . For KL → µµ we use the present bound.

First of all, the anomalous observables themselves, RK and RK∗ , are expected to be
tested with sub-percent accuracy by LHCb with 300fb−1 of luminosity. Furthermore, a
larger set of observables sensitive to the same partonic transition b → sµ+µ− will be
measured (such as Rφ, RpK and Q5 for example [163]). This will allow to con�rm or
disprove the present anomalies and to pinpoint the size of the New Physics contribution
with high accuracy.

The leptonic decays B0
(d,s) → µ+µ− will be crucial for discriminating between the O9

and OL scenarios. As to the B → π`+`− channels, we note that the power of the muon-
speci�c Br(B+ → π+µ+µ−) as a probe of NP is, already at present, limited by theoretical
uncertainties [196]. The situation improves substantially for the LFU ratio Rπ (cf. Eq.
(5.4.7)), for which, as already noted, U(2)5 �avour symmetry predicts Rπ = RK and for
which LHCb is expected to reach a ∼ 4.7% sensitivity with 300 fb−1 of luminosity [163].
As can be seen in Fig. 5.5.1, these channels will be able to cover almost the complete
parameter space of the setup studied here, particularly if the phase αbd is small.

In all cases where CS 6= CT , such as in the S3 and Z
′ models, other relevant channels

which will improve substantially in sensitivity are Br(K+ → π+ν̄ν) and Br(KL → π0ν̄ν).
The former is expected to be measured with a 10% accuracy by NA62 [230] in the next
few years, while, for the latter, the KOTO experiment at JPARC [107] should reach a
single-event sensitivity at the level of the SM branching ratio, with a signal to background
ratio ∼ 1, which translates to a projected 95%CL limit of ∼ 5.4 times the SM value, i.e.
∼ 1.8 × 10−10. A possible future upgrade of the whole KOTO experiment (stage-II)8,
or the proposed KLEVER experiment at CERN SPS [229], could both reach a ∼ 20%
sensitivity of the Br(KL → π0ν̄ν) SM value. An example for the prospects due to these

8From a CERN EP seminar given in February 2019 (slides at https://indico.cern.ch/

event/799787/attachments/1797668/2939627/EPSeminar_YuChen.pdf) and of a talk presented at
the Rencontres de Moriond 2019 (slides at http://moriond.in2p3.fr/2019/EW/slides/1_Sunday/

1_morning/5_Nanjo.pdf).

https://indico.cern.ch/event/799787/attachments/1797668/2939627/EPSeminar_YuChen.pdf
https://indico.cern.ch/event/799787/attachments/1797668/2939627/EPSeminar_YuChen.pdf
http://moriond.in2p3.fr/2019/EW/slides/1_Sunday/1_morning/5_Nanjo.pdf
http://moriond.in2p3.fr/2019/EW/slides/1_Sunday/1_morning/5_Nanjo.pdf
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Figure 5.5.2. Future prospects for the exclusion limits in the (φ, θ) plane
for the scalar leptoquark S3 (left) and the vector singlet Z ′ with vector-like
couplings to muons (right), for a choice of phases. The orange and gray
regions correspond to the future expected limits from K+ → π+νν (NA62
[230]) and KL → π0νν (KLEVER [229] or KOTO phase-II), respectively.
The dashed gray line corresponds to the expected limit on KL → π0νν
from KOTO phase-I.

observables for a particular choice of phases in the two simpli�ed models are shown in
Fig. 5.5.2.

5.6. Conclusions

If the �avor anomalies in b→ sµµ transitions are experimentally con�rmed, they will
provide important information about the �avor structure of the underlying New Physics.
The latter can be tested by studying possible correlations with other measurements in
�avor physics. In this Chapter we assumed that the putative NP, responsible for the
anomalous e�ects, couples to SM left-handed down quarks in such a way to generate a
rank-one structure in the novel �avor-violating sector. We dub such a scenario Rank-One
Flavor Violation (ROFV). Such a structure can result from a number of well motivated
UV completions for the explanation of the �avor anomalies, in which a single linear
combination of SM quark doublets couples to the relevant NP sector. This automatically
includes all single-leptoquark models, and models where LH quarks mix with a single
vector-like fermion partner. As these examples reveal, the ROFV condition might not
originate from symmetry but rather as a feature of the UV dynamics.

Varying the direction associated to the NP (n̂) in U(3)q �avor space, we identi�ed
the most important observables that can be correlated to the �avor anomalies. The
more model-independent correlations are with di → djµµ transitions (and their crossed
symmetric processes). A large part of the parameter space is probed by the measurement
of the branching ratio of B+ → π+µµ. While the sensitivity to NP e�ects in this channel
is limited by the large hadronic uncertainty of the SM prediction, future measurements of
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the theoretically clean ratio Rπ are going to provide further information on b→ d �avor
violations. Among the transitions involving the �rst two generations of quarks (s→ d),
the KL → µµ decay rate has a major impact and it is particularly sensitive to the phases
of our parametrization. Unfortunately, future prospects in this channel are limited by
theory uncertainties in the SM prediction of the long-distance contribution to the decay.
A sizeable improvement by LHCb is instead expected in the limit on the KS → µµ decay
rate.

While the former conclusions rely only on our rank-one hypothesis, more model depen-
dent correlations can be established once the relevant e�ective operators are embedded
into the SMEFT or in the presence of speci�c mediators. An example of such corre-
lations is given by di → djνν processes, and we have in fact shown that present data
from K+ → π+νν are particularly relevant to the leptoquark S3 or vector Z ′ simpli�ed
models.

From a more theoretical point of view, we investigated whether the �avor violation
associated to the NP can be connected to the one present in the SM Yukawa sector.
A generic expectation is that the leading source of U(3)q breaking in the NP couplings
is provided by a direction in �avor space close to the one identi�ed by the top quark.
Indeed, we showed in a concrete example based on a �avor symmetry that the vector
n̂ turns out to be correlated to the third line of the CKM matrix, as in Eq. (5.4.5).
Remarkably, a large portion of the theoretically favoured region (red meshed lines region
in our plots) survive the bounds from current �avor physics data. Our order of magnitude
predictions can be narrowed down under further theoretical assumptions. For example
a minimally broken U(2)5 �avor symmetry predicts RK = Rπ and the ratio Br(Bs →
µµ)/Br(Bd → µµ) to be SM-like (up to small corrections of a few percent).

In our last section we explored future prospects for the exclusion limits in the ROFV
framework. In the near future a series of experiments will be able to cover almost all of
the parameter space identi�ed by our ansatz. Indeed, in the next few years, signi�cant
information will be provided by the NA62 and KOTO experiments, thanks to precise
measurements of the K+ → π+νν and KL → π0νν decays, while on a longer time scale
results from LHCb and Belle II will almost completely cover our parameter space (and
test the minimally broken U(2)5 model).

A con�rmation of the B-meson anomalies would open a new era in high energy
physics. In this enticing scenario, studying correlations of the anomalies to other observ-
ables would provide a powerful mean to investigate the �avor structure of New Physics.



Part 3

Explaining the SM �avour structure



CHAPTER 6

The SM �avour puzzle

Providing a theoretical explanation for the peculiarities observed in the SM fermion
mass spectra and mixing patterns is arguably one of the greatest challenges of modern
Particle Physics. What determines the mass hierarchies between the three families of
charged fermions (quarks and charged leptons)? What is the nature of neutrino masses,
and why are they so small? How do the quark and lepton mixing patterns, embodied
by the CKM and PMNS matrices respectively, originate? These and many other ques-
tions constitute the so-called SM �avour puzzle. This introductory Chapter provides an
overview of the various subproblems of which the SM �avour puzzle is composed.

6.1. Pieces of the puzzle

The SM as it stands has a fairly high number of tunable inputs, both at the discrete
and continuous levels. Although many of these are univocally �xed by experiment1, from
a BSM perspective one has the hope that, at a su�ciently high scale, the relevant SM
UV completion will provide theoretical explanations for at least some of the patterns
observed at low energies. This kind of theoretical prejudice, when applied to the SM
fermionic matter content, motivates what is known as the SM �avour puzzle [14].

At the discrete level, SM fermions are characterized by their representation under
the SM gauge group, which is a direct sum of �fteen irreducible representations. Out of
these, there are �ve inequivalent representations, q, u, d, ` and e (cf. Table 1), each of
which is repeated exactly three times. For this reason, the SM fermionic matter content
is usually depicted as being constituted by a certain number (which happens to be three)
of repetitions of a single reducible representation, which is referred to as a �family�, or
�generation�.

At the continuous level, �avour gets its shape from the Yukawa part of the SM
lagrangian:

LyukSM = −(yU)ijqiH̃uj − (yD)ijqiHdj − (yE)αβ`αHeβ + h.c., (6.1.1)

which gives rise to quark masses and mixings, and lepton masses (such a description is
clearly insu�cient for any phenomenological discussion of lepton �avour, as discussed
below). The following two Subsections separetely describe the �avour structures of the
quark and lepton sectors.

6.1.1. Quark sector. Following the conventions of Sec. 3.1, without loss of gener-
ality, we can use the so-called �down-quark mass basis� of SM quark �elds, in which (cf.
Eq. (3.1.4)):

1A well recognized exception is the QCD θ angle, for which only an upper bound exists [53].
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yD =
1

v
diag(md, ms, mb), yU =

1

v
V †diag(mu, mc, mt). (6.1.2)

Here m• are the quark running masses at the electroweak scale v, and V is the CKM
matrix in the standard phase convention.

All quark masses but the top's one, mt ∼ v, are well below the electroweak scale. In
terms of quark-Higgs couplings, we have yt ∼ O(1), whereas the remaining couplings are
all suppressed by several orders of magnitudes. Some approximate values for m•/mt (or
equivalently y•/yt) are [9]:

1

mt

(md, ms, mb) ≈
(
2.9× 10−5, 5.8× 10−4, 2.6× 10−2

)
, (6.1.3)

1

mt

(mu, mc, mt) ≈
(
1.3× 10−5, 7.8× 10−3, 1

)
. (6.1.4)

Both down and up quark mass spectra are hierarchical, with a further overall suppression
of third and second generation down quark masses relative to up quark ones.

Intriguing patterns are also observed in the quark mixing matrix V . These are most
transparently illustrated in the Wolfenstein parametrization of the CKM matrix [9], viz.:

V =

 1− λ2

2
λ Aλ3(ρ− iη)

−λ 1− λ2

2
Aλ2

Aλ3(1− ρ− iη) −Aλ2 1

+O(λ4), (6.1.5)

where the Wolfenstein parameters are de�ned by:

λ ≡ |Vus|√
|Vud|2 + |Vus|2

≈ 0.22, (6.1.6)

A ≡ |Vcb|
λ |Vus|

≈ 0.83, (6.1.7)

ρ+ iη ≡ V ∗ub
Aλ3

≈ 0.15 + 0.36i. (6.1.8)

It is seen that non-diagonal entries, which govern the strength of ui → W+dj and dj →
W−ui transitions between di�erent quark generations, are suppressed by powers of λ as
follows:

1↔ 2 ∼ λ, 2↔ 3 ∼ λ2, 3↔ 1 ∼ λ3. (6.1.9)

Notice that λ can be identi�ed with the Cabibbo sine, for which the well-known numerical
relationship [231]:

λ ≈
√
md

ms

, (6.1.10)

holds at the percent level.
To conclude, we remark that the quark �avour structure is (at least phenomenolog-

ically) fully accounted by the SM lagrangian (cf. Eq. (6.1.1)), and that quark running
masses and CKM matrix elements can be either computed or experimentally determined
with relatively high accuracy, so that the corresponding uncertainties often play little
role in BSM discussions addressing the origins of quark �avour. We now turn to lepton
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�avour, which presents important qualitative di�erences with respect to the quark case
discussed so far.

6.1.2. Lepton sector. In contrast to quark �avour, lepton �avour is in large part
a BSM issue. On the one hand, the SM can account, through its Yukawa couplings
(6.1.1), for massive charged lepton and massless, left-handed neutrinos, whose mass and
�avour eigenstates can be made to coincide. On the other one, it is an experimental
fact that neutrinos have non-zero masses, and that their mass eigenstates are linear
combinations of �avour eigenstates. Therefore, in order to discuss the experimental data
on neutrino �avour, we need to move a step beyond the pure SM description and take a
phenomenological approach.

Neutrino oscillation experiments measure neutrino squared mass (absolute) di�er-
ences and mixing angles. Most of the experimental results can be coherently interpreted
in the context of three light active neutrinos and CPT invariance [232], which we assume
in what follows. Two standard independent mass di�erences are:

δm2 = m2
2 −m2

1, (6.1.11)

∆m2 = m2
3 −

m2
1 +m2

2

2
, (6.1.12)

wherem1−3 are neutrino masses in the usual labeling conventions [9]2; notice that ∆m2 is
positive (negative) for a mass spectrum with normal (inverted) ordering. The measured
mixing angles can be explained in terms of a 3×3 mixing matrix intervening in l−i W

+ →
νj, the so called PMNS matrix U , de�ned by:

LCC = − g√
2
W+
ρ (eL, µL, τL) γρU (ν1, ν2, ν3)T . (6.1.13)

The standard parametrization of U , viz.:

U =

1 0 0
0 c23 s23

0 −s23 c23

 c13 0 s13e
−iδ

0 1 0
−s13e

iδ −s23 c13

 c12 s12 0
−s12 c12 0

0 0 1

eiη1 0 0
0 eiη2 0
0 0 1

 ,

(6.1.14)
is de�ned in terms of three mixing angles θ12, θ13 and θ23, a �Dirac� phase δ and two
�Majorana� phases η1,2. Majorana phases are well-de�ned only if neutrinos are Majorana
particles [9], since otherwise these phases can always be reabsorbed in the de�nition of
the mass eigenstate �elds; moreover, neutrino oscillation experiments are insensitive to
η1,2 [233].

Currently, the mass di�erences δm2 and ∆m2, and the three mixing angles θ12, θ13

and θ23 have been measured with percent-level accuracy, whereas there is still large
(O(10% − 15%)) uncertainty on the Dirac phase δ. We collect these observables in the
lower part of Tab. 1 for the two ordering cases. The upper part of the Table reports

2In the standard convention, m1 and m2 are de�ned to be the mass eigenstates with smallest mass
di�erence |m2 −m1|, withm1 < m2. Labeling the remaining eigenstate asm3, there are two possibilities:
either m1 < m2 < m3 or m3 < m1 < m2, which correspond to a normal and inverted ordered mass
spectrum, respectively.
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Observable Best-fit value with 1σ error

me/mµ 0.0048+0.0002
−0.0002

mµ/mτ 0.0565+0.0045
−0.0045

NO IO
δm2

[
10−5 eV2

]
7.42+0.21

−0.20

∆m2
[
10−3 eV2

]
2.480+0.026

−0.028 −2.461+0.028
−0.028

r ≡ δm2/|∆m2| 0.0299+0.0009
−0.0009 0.0301+0.0009

−0.0009

sin2 θ12 0.304+0.012
−0.012 0.304+0.013

−0.012

sin2 θ13 0.02219+0.00062
−0.00063 0.02238+0.00063

−0.00062

sin2 θ23 0.573+0.016
−0.020 0.575+0.016

−0.019

δ/π 1.09+0.15
−0.13 1.57+0.14

−0.17

Table 1. Best-�t values of the charged lepton mass ratios and the neutrino
oscillation parameters with the corresponding 1σ errors. For the charged
lepton mass ratios we have used the values given in ref. [234], averaged
over tan β as described in the text, whereas for the neutrino parameters
we have used the results obtained in refs. [41,76] (with Super-Kamiokande
atmospheric data).

the ratios of running lepton masses at the GUT scale3. A number of lepton �avour
observables is still unknown:

• The neutrino mass ordering (normal vs. inverted). A preference (currently at
the level of about 3σ) for a normal mass ordering is starting to emerge from
data [232], but is still far from conclusive evidence.
• The absolute scale of neutrino masses. Since neutrino oscillation experiments
only measure squared mass di�erences, they give no direct information on the
absolute values of neutrino masses. At present, the thightest upper bound on
the sum of neutrino masses is the one from cosmology [9]:∑

i

mi < 0.12÷ 0.68 eV (6.1.15)

• The Majorana phases, if neutrinos are Majorana particles.

The picture which emerges from Tab. 1 is quite distinct from the one found in the
quark sector. While charged lepton masses are hierarchical as the quark ones (and
indeed comparable in size with those of down quarks), it is not clear whether the same
holds for the neutrino spectrum, and, most importantly, neutrino masses are several
order of magnitudes smaller than the ones of all other SM fermions. Also, the PMNS
mixing matrix is radically di�erent from its quark counterpart: while the CKM matrix
is close to diagonal, with mixing angles θCKM12 , θCKM23 and θCKM13 suppressed by λ, λ2 and
λ3 respectively (cf. Eq. (6.1.5)), two of the three PMNS mixing angles are seen to be
O(1). All these features strongly suggest that the mechanisms behind the generation

3We remark that such ratios have very weak scale dependencies, so that the precise scale is largely
irrelevant for the purpose of our discussion. We follow Ref. [43] and employ the updated GUT scale
determination [234] for these quantities.
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of lepton and, in particular, neutrino masses and mixings are quite di�erent from the
corresponding ones underlying the quark sector.

To conclude (compare with the conclusions of Subsec. 6.1.1), we remark that our
low-energy description of lepton �avour is necessarily of phenomenological kind, and
the simple framework of three light active neutrinos with PMNS mixing provides a per-
fectly valid explanation of experimental data. Such a description has some important
unknowns, most prominently the neutrino mass ordering, the absolute scale of neutrino
masses and the two Majorana phases if neutrinos are Majorana particles.

6.2. Theoretical ideas

It is a widespread position that the special features of the SM fermionic spectrum
discussed in the previous Section strongly suggests the existence of some non-trivial
high-energy mechanism, or mechanisms, from which they would result in a natural way.
This is, indeed, the essence of the SM �avour puzzle, which, according to our previous
description, can be decomposed into a series of subproblems:

(1) Explaining the SM fermionic representation. This includes the basic representa-
tion (i.e. q⊕u⊕d⊕ `⊕ e) of a single SM family, and the actual number (three)
of replicæ of this representation.

(2) Explaining quark masses and mixings. What especially calls for a theoretical
explanation are the hierarchies in down and up quark mass spectra, the overall
down vs. up mass suppression, and the suppression and hierarchies in CKM
matrix o�-diagonal terms. Moreover, a natural question is whether (some of)
these features are interconnected (see e.g. Eq. (6.1.10)).

(3) Explaining lepton masses and mixings. Here, the most salient features are the
hierarchies in the charged lepton mass spectrum, the huge suppression of neu-
trino masses and the structure of the PMNS matrix, with two large and one
small mixing angles. There is also a possible hint to a hierarchy in the solar-to-
atmospheric ratio r ≡ δm2/∆m2 ≈ 0.03 4.

All these questions have inspired for a long time many theoretical investigations. With-
out any attempt at completeness (for a more comprehensive review, see e.g. [232] and
refereinces therein), let us cite some of the most prominent ideas which have been put
forward on the various fronts.

Grand Uni�cation. [235] One of the main appeals of Grand Uni�ed Theories
(GUTs) is their potential to explain the SM basic representation in terms of a few (ideally
a single one) irreducible representations of the uni�cation group. To cite a classical exam-
ple, the SM basic representation can be embedded into a single spinorial representation
of SO(10): the latter decomposes under the electroweak group into the �ve irreducible

4One should however realize that such a ratio is, in some sense, a small quantity by construction. For
instance, performing the simple experiment of generating three neutrino masses uniformly at random
in a �xed interval (say [0, 1]), I �nd that ≈ 25% of the times r < 0.1; with a positive gaussian and
an exponential distribution, instead, the �rst quantiles of the r distribution are found for r . 0.07
and r . 0.05, respectively. Clearly, these numbers indicate that the parameter space region producing
a solar-to-atmospheric ratio as small as its actual value might not be small at all, depending on the
particular measure adopted (cf. also the remarks at the end of the next Section).
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representations of quarks and leptons, with an additional SM singlet, which can be iden-
ti�ed with a singlet �sterile� neutrino. As the latter can in principle take part in the
see-saw mechanism for generating neutrino masses (see below), this example also shows
how the solutions of di�erent parts of the �avour puzzle may well be interconnected.

Flavour symmetries. The theoretical reach of �avour symmetries spans from the
explanation of the horizontal structure of the SM fermion content (i.e. the existence
of three identical generations), to the prediction of mass and mixing hierarchies. For
example, in the Froggatt-Nielsen mechanism [236], the hierarchies in quark masses and
mixings originate from the soft spontaneous breaking of a U(1)FN global symmetry, under
which quark �elds are charged. Also discrete �avour symmetries have been used exten-
sively to address the SM �avour structures, in particular in the lepton sector, since the
PMNS mixing structure is more straight-forwardly reproduced (or approximated) within
this context [14].

Accidental symmetries. These class of symmetries is, conceptually, very di�er-
ent from the postulated �avour symmetries discussed in the previous point. Accidental
symmetries are usually enforced by structural requirements such as gauge invariance and
renormalizability. A particularly relevant example is provided by the U(1)` global sym-
metry of the renormalizable SM, whose conserved charge is total lepton number. This
symmetry implies, in particular, that SM neutrinos are massless at the renormalizable
level, which is clearly a good leading order approximation; from a SMEFT point of view,
neutrino mass generation is post-poned to dimension �ve, through the Weinberg operator
(1.1.8), which can be originated at tree-level in models realizing one of the three types of
See-Saw mechanisms [237]5. The general approach to fermion masses and mixings using
accidental symmetries was originally proposed in Ref. [239].

Special �eld theory frameworks. Some of the features of the SM �avour structure
might be enforced by a structural property of a class of SM extensions. For example, in
(type II) Two Higgs Doublet Models (and, in particular, in the Supersymmetric SM), the
large mt/mb ratio can be �explained� by a large vu/vd ratio (i.e. a large tan β), where
vu,d are the electroweak breaking expectation values of the up and down Higgses Hu,d,
respectively. Even though at a �rst glance this might appear to be a vacuous explanation
(after all, we exchange a large ratio, mt/mb, for a similarly large one, vu/vd), notice that
we have managed to transform the mt/mb problem into a dynamical one, since the Higgs
expectation values are now controlled by the model's scalar potential. Another special
framework which can shed light on themt/mb ratio is that of partial compositeness [240],
if the t-quark has a signi�cantly higher degree of compositeness than the other quarks.

5A simple minded SM extension with a (type I) See-Saw mechanism consists of the SM itself with
the addition of three singlet right-handed fermions N1,2,3 with a large Majorana mass term Mαβ . The
relevant terms in the model's lagrangian are:

L ⊃ −(yN )αβ`αH̃Nβ −
Mαβ

2
N c
αNβ ,

which, after integrating out the heavy singlets N , give rise to the Weinberg operator with Wilson
coe�cient C ∼ O(y2Nv

2/M). If yN has O(1) singular values, the resulting neutrino masses turn out to
be in the meV ÷ eV range if the M eigenvalues lie around the GUT scale. Unfortunately, the singlets'
Majorana mass term also has the side e�ect of destabilizing the electroweak scale, making the model
incur in the (in)famous hierarchy problem [238].
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Anarchy. Completely at odds with the approaches mentioned so far, one could argue
that there is, in fact, no organizing principle underlying the SM �avour structure. This
idea has been formalized in the context of neutrino mixing using a probabilistic/measure
theoretic approach [241�245]. Even though such a position can be under many respects
less appealing than the more theoretically driven approaches previously mentioned, one
must concede that the lack of strong hierarchies in the PMNS mixing matrix (except
perhaps for the small θ13 angle) and, possibly, in the neutrino mass spectrum, provides
a logical motivation for it (on the other hand, I �nd the same position hard to mantain
when applied as a whole to the SM �avour puzzle).

The common denominator to all the frameworks mentioned in the previous Section
(including, to a certain extent, also Anarchy) is Naturalness, in the sense that for the
models in question there exists a reasonably large parameter space region for which the
special (discrete or continuous) phenomenological features of SM �avour are realized.
Furthermore, the examples also illustrate how the SM �avour puzzle is entangled with
other theoretical enigmas surrounding the SM, gauge coupling uni�cation and the Higgs
mass hierarchy problem being just a few, to a degree which depends on the particular
theoretical framework. A solution to the former might also shed light on some of these
further fundamental questions.



CHAPTER 7

Are lepton masses modular forms?

Modular invariance has recently emerged in the context of neutrino physics [43]1, as a
powerful generalization of discrete linear symmetry. In supersymmetric modular invari-
ant models, the action is invariant under a non-linear realization of the SL(2,Z) group,
which is inevitably broken by the vacuum expectation value of a super�eld, the modulus
τ . The latter is acted on by the modular group by linear fractional transformations:

τ 7→ aτ + b

cτ + d
(a, b, c, d ∈ Z, ad− bc = 1), (7.0.1)

and, by modular invariance, couplings of chiral �elds (which transform non-linearly under
SL(2,Z)) must be functions of the modulus τ with well-de�ned transformation properties
under the modular group.

Speci�cally, supersymmetry forces the (holomorphic) superpotential couplings to be
modular forms of SL(2,Z), which, at a �xed level N of the principal congruence subgroup
employed in the model's construction, form a linear space of �nite dimension. This fact,
combined with superpotential non-renormalization theorems [246], highly constrains the
superpotential part of the supersymmetric action, which is bound to depend upon a
reduced set of couplings, in addition to the complex expectation value of τ . Such a strict
determination signi�cantly enhances the predictive power of this class of models, which
goes without saying it is of the greatest importance for the task of explaining the SM
�avour structure.

This Chapter presents results from my work [47] with F. Feruglio, A. Romanino
and A. Titov, in which we attempt to address charged lepton mass hierarchies through
modular invariance. We propose that the hierarchies might originate from a residual Z4

symmetry subgroup of the full modular group, which is exact at the symmetric point
τ = i, and whose breaking is governed by the (assumed small) departure τ − i. In fact,
earlier model building attempts [43,247�257] have shown that, for several modular in-
variant models of lepton �avour, a good agreement with experimental data is obtained
in the neighbourood of τ ≈ i, with deviation|τ − i| ∼ O(10−2 ÷ 10−1), and somewhat
independently of the actual levels N and speci�c lepton �eld representations. This phe-
nomenological observation led us to investigate in greater detail the structure of modular
invariant theories in the symmetric limit, in which one of the two generators of the mod-
ular group, as well as the CP (charge-parity conjugation) generator, are not broken, and
to point out some of its consequences for model building.

A second motivation for our work was to generalize the previous investigations by al-
lowing for non-minimal terms in the model's Kähler potential: as a matter of fact, in most

1The title of this Chapter is a generalization to the question �Are neutrino masses modular forms?�,
posed by the seminal paper [43].
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of the literature a certain �minimal� form of Kähler potential is assumed without special
mention; such a form arises, in fact, in certain string theory compacti�cations in the
large volume limit, that is Imτ →∞ (see, e.g. [258,259] and references therein), which
however contradicts the �ndings of explicit model building attempts discussed so far.
For τ ≈ i, the minimal Kähler potential can in principle receive large non-perturbative
corrections, so that the original assumption appears to be somewhat unjusti�ed. This is
actually very relevant also from a low-energy point of view, since, in contrast to the super-
potential, the Kähler potential does not have any holomorphicity or no-renormalization
constraint, and it is in fact easy to show that modular invariance alone allows for an
in�nite number of functionally independent contributions to the Kähler metric of any
chiral �eld.

If the Kähler potential is regarded to as completely arbitrary, much of the predictive
power mentioned previously gets apparently lost. On the other hand, as we illustrate
in Ref. [47] through explicit models, some qualitative predictions of the minimal models
continue to be valid also in the presence of Kähler corrections, as long as the latters
are at most O(1) modi�cations of the minimal potential. In our special case, we are
particularly concerned with charged lepton mass hierarchies, whose size turns out to be
essentially governed by the soft breaking of Z4 symmetry in the neighbourood of τ ≈ i.

7.1. Modular invariant models

In the simplest case, modular invariance arises from the compacti�cation of a higher
dimensional theory on a torus or an orbifold. Size and shape of the compact space are
parametrised by a modulus τ living in the upper-half complex plane, up to modular
transformations. These can be interpreted as discrete gauge transformations, related to
the redundancy of the description. The low-energy e�ective theory, relevant to the known
particle species, has to obey modular invariance and Yukawa couplings become functions
of τ . In this section we shortly review the formalism of supersymmetric modular invariant
theories [260,261] applied to �avour physics [43].

The theory depends on a set of chiral supermultiplets ϕ comprising the dimensionless
modulus τ ≡ ϕ0/Λ (Im τ > 0) and other super�elds ϕi (i ≥ 1). Here Λ represents
the cut-o� of our e�ective theory, and can be interpreted as the relevant mass scale of
an underlying fundamental theory. In the case of rigid supersymmetry, the Lagrangian
L 2 is fully speci�ed by the Kähler potential K(ϕ, ϕ̄), a real gauge-invariant function of
the chiral multiplets and their conjugates, by the superpotential W (ϕ), a holomorphic
gauge-invariant function of the chiral multiplets, and by the gauge kinetic function f(ϕ),
a dimensionless holomorphic gauge-invariant function of the chiral super�elds. Neglecting
gauge interactions, we have:

L =

ˆ
d2θd2θ̄ K(ϕ, ϕ̄) +

ˆ
d2θ W (ϕ) +

ˆ
d2θ̄ W (ϕ̄).

2Up to terms with at most two derivatives in the bosonic �elds.
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The Lagrangian is invariant under transformations γ of the homogeneous modular group
Γ = SL(2, Z):

τ → aτ + b

cτ + d
, ϕi → (cτ + d)−kiρ(γ̃)ijϕj (i, j ≥ 1) (7.1.1)

where a, b, c, d are integers obeying ad− bc = 1. Such transformations are generated by
the two elements of Γ:

S =

(
0 1
−1 0

)
and T =

(
1 1
0 1

)
. (7.1.2)

The matrix ρ(γ̃) is a unitary representation of the group ΓN = Γ/Γ(N), obtained as a
quotient between the group Γ and a principal congruence subgroup Γ(N), the positive
integer N being the level of the representation. The level N is kept �xed in the construc-
tion, and γ̃ represents the equivalence class of γ in ΓN . In general ρ(γ̃) is a reducible
representation and all super�elds belonging to the same irreducible component should
have the same weight ki, here assumed to be integer3. In the following, we denote by
(ϕi, ψi) the spin-(0, 1/2) components of the chiral super�elds ϕi (i ≥ 1) 4. The terms
bilinear in the fermion �elds read [264]:

LF = LF,K + LF,2, (7.1.3)

with 5:

LF,K = iKj
i ψjσ̄

µDµψ
i, LF,2 = −1

2

[
Wij −Wl(K

−1)lmK
m
ij

]
ψiψj + h.c., (7.1.4)

where lower (upper) indices in K and W stand for derivatives with respect to holomor-
phic (anti-holomorphic) �elds. When the scalar �elds in eq. (7.1.4) take their VEVs,
we can move to the basis where matter �elds are canonically normalised, through a
transformation:

ψi → (z−1/2)ijψj, (7.1.5)

where the matrix (z1/2)ij satis�es: K
j
i = [(z1/2)†]jl(z1/2)li

6. We can identify the fermion
mass matrix as:

mkn =
[
Wij −Wl(K

−1)lmK
m
ij

]
(z−1/2)ik(z

−1/2)jn (7.1.6)

where VEVs are understood. In the previous equation, the second term in the square
bracket vanishes when supersymmetry is unbroken and the VEV of Wl is zero. When we
turn on supersymmetry breaking e�ects, the �rst term is expected to dominate over the
second one, provided there is a su�cient gap between the sfermion masses mSUSY and
the messenger/cuto� scale M . This holds both for vector-like and for chiral fermions.
Indeed, up to loop factors or other accidental factors, the VEVs of Wl, Wij and K

m
ij are

of the order of mSUSYM , M and 1/M , respectively, when fermions are vector-like. When
chiral fermions are considered,Wij and K

m
ij are both depleted by v/M with respect to the

3We restrict to integer modular weights. Fractional weights are in general allowed, but require a
suitable multiplier system [262,263].

4The distinction between super�elds and their scalar components should be clear from the context.
5The covariant derivative is Dµψ

i = ∂µψ
i +
(
K−1

)i
m
Km
kl∂µϕ

kψl.
6Notice that this transformation mixes holomorphic and anti-holomorphic indices, and there is no

more fundamental distinction between upper and lower components of the matrix (z1/2).
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vector-like case, v denoting the gauge symmetry breaking scale. Thus we have a relative
suppression between the two contributions of order mSUSY/M , which can be made tiny
(cf. ref. [248]). If we work under this assumption, the mass matrix is well approximated
by:

mkn = Wij (z−1/2)ik(z
−1/2)jn. (7.1.7)

The supersymmetry breaking terms neglected here can be useful to give masses to light
fermions, which otherwise would remain massless in the exact supersymmetry limit. We
will come back to this point when discussing concrete models, in Section 7.3. Due to
the conservation of the electric charge, the equality of eq. (7.1.7) holds separately in
any charge sector. By focusing on the lepton sector (Ec, L) and by assuming that the
neutrino masses arise from the Weinberg operator, we have:

W = −Ec
i Yeij(τ)LjHd −

1

2ΛL

Li Cνij(τ)LjHuHu, (7.1.8)

where Hu,d are the Higgs chiral multiplets and ΛL is the scale where lepton number is
broken. The general relation (7.1.7) specialises into:

me = (z
−1/2
Ec )TYe(τ)(z

−1/2
L )vd, mν = (z

−1/2
L )TCν(τ)(z

−1/2
L )v2

u/ΛL, (7.1.9)

where we have absorbed the renormalisation factors for Hu,d in the de�nition of their

VEVs. In Section 7.3, we will also comment on the special limit where z
−1/2
Ec,L are uni-

versal, i.e. proportional to the unit matrix. The mass matrices obtained in this case

will be referred to as �bare� matrices and denoted by m
(0)
e,ν . An important consequence

of modular invariance is the special functional dependence of Ye(τ) and Cν(τ) on the
modulus τ . Under a transformation of Γ, the chiral multiplets (Ec

i , Li, Hu,d) transform as
in eq. (7.1.1), with weights (kEci , kLi , kHu,d) and representations (ρEc(γ̃), ρL(γ̃), 1). For
the superpotential W to be modular invariant, Ye(τ) and Cν(τ) should obey:

Ye(γτ) = (cτ + d)ke ρ∗Ec(γ̃) Ye(τ)ρ†L(γ̃) , Cν(γτ) = (cτ + d)kν ρ∗L(γ̃)Cν(τ)ρ†L(γ̃),

where the weights ke,ν are matrices satisfying: (ke)ij = kEci + kLj + kHd and (kν)ij =
kLi + kLj + 2kHu . Thus Ye(τ) and Cν(τ) are modular forms of given level and weight.
Since the linear space of such modular forms is �nite dimensional, the choices for Ye(τ)
and Cν(τ) are limited. If neutrino masses originate from a type I seesaw mechanism,
Eqs. (7.1.8) and (7.1.7) hold with the identi�cation:

Cν(τ)

ΛL

= −(Yν(τ))T M(τ)−1Yν(τ), (7.1.10)

where Yν(τ) and M(τ) denote the matrix of neutrino Yukawa couplings and the mass
matrix of the heavy electroweak singlets N c, respectively. Notice that there is no de-

pendence on the renormalisation factor (z
−1/2
Nc ) of the heavy modes. In some cases Ye(τ)

and/or Cν(τ) are completely determined as a function of τ up to an overall constant,
thus providing a strong potential constraint on the mass spectrum, Eq. (7.1.7).

Unfortunately, such property does not extend to the Kähler potential K and to the

renormalisation factors (z
−1/2
Ec,L ). Minimal choices of K, appropriate for a perturbative

regime, can receive large non-perturbative corrections in the region of the moduli space we
will consider. Without a control over the non-perturbative dynamics, in a generic point
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of the moduli space the factors (z
−1/2
Ec,L ) remain unknown. If we allowed for completely

arbitrary (z
−1/2
Ec,L ), under mild conditions any mass matrix could be predicted. From

eq. (7.1.7) we see that, given Ye(τ) and (z
−1/2
L ), we could reproduce any desired matrix

me, by selecting a particular (z
−1/2
Ec )T :

(z
−1/2
Ec )T = me (Ye(τ)vd(z

−1/2))−1 (7.1.11)

An arbitrary matrixme would result in a completely unconstrained lepton mixing matrix.
Similar considerations would apply to the neutrino mass matrix mν .

The loss of predictability associated to the Kähler corrections may however be less
severe than eq. (7.1.11) might suggest, for two reasons. First, note that the above
solution requires a non-singular Ye(τ). A singular Ye(τ) can only give rise to a singular
me. Correspondingly, a hierarchical Ye(τ) can only correspond to a hierarchical me,

unless the eigenvalues of the matrix (z
−1/2
Ec )T in eq. (7.1.11) come in very large ratios.

Although we cannot exclude the latter possibility, here we focus on the class of models
where the corrections associated to the Kähler potential do not alter the �bare� limit by
more than about one order of magnitude. Hence a singular or nearly singular Ye(τ) will
tame the loss of predictability associated with the Kähler potential. Needless to say, a
hierarchical Ye(τ) is needed to reproduce the mass spectrum in the charged lepton sector.
Di�erent considerations apply to the neutrino sector, where a singular Cν(τ) might not
be a good �rst order approximation of the data.

A second constraint on the e�ect of the Kähler corrections arises in the vicinity of
the �xed points of Γ, τ = i, τ = −1/2 + i

√
3/2 and τ = i∞, invariant under the action

of the elements S, ST and T , respectively. In the following, we will assume the modulus
to be in the vicinity of the point τ = i, as suggested by several models to correctly
reproduce the data. The invariance under S provides a constraint on the possible form
of the Kähler potential at τ = i and in its vicinity.

7.2. Residual symmetry near τ = i

The residual symmetry of the theory at τ = i is the cyclic group Z4 generated by the
element S, whose action on the chiral multiplets ϕi in τ = i can be read from eq. (7.1.1):

ϕi → σijϕj, σij = ikiρ(S̃)ij (i, j > 0), (7.2.1)

where σ is unitary, σ2 is a parity operator and σ4 = 1. To analyse the neighbourhood
of τ = i, we expand both the Kähler potential and the superpotential in powers of the
matter �elds ϕi (i > 0) 7:

W =
∑
i1,...,in

Yi1,...,in(τ) ϕi1 . . . ϕin + . . . ,

K = ϕi z
i
j(τ, τ̄)ϕj + . . . .

(7.2.2)

7Electrically neutral multiplets whose scalar component acquires a VEV, like Hu,d, might mix in the
kinetic term with the modulus τ . The mixing is parametrically suppressed by v/Λ and will be ignored
in the following.
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In the vicinity of τ = i, it is possible to cast the theory as an ordinary Z4 invariant
theory, where the symmetry acts linearly on the �elds, slightly broken by the spurion
(τ − i). When we depart from τ = i, the S elements acts on the �elds as:

τ → −1

τ
, ϕi → (−τ)−kiρ(S̃)ijϕj (i, j > 0). (7.2.3)

We perform the �eld rede�nition:{
τ = i

i+ ε
2

i− ε
2

ϕ̃j = (1− i ε
2
)−kjϕj

(7.2.4)

mapping the upper-half complex plane into the disk |ε| < 2. In the linear approximation:

ε = (τ − i) +O
(
(τ − i)2

)
. (7.2.5)

Under the S transformation in (7.2.3), the new �elds transform as:{
ε→ −ε
ϕ̃i → σij ϕ̃j

. (7.2.6)

We see that the action of the Z4 symmetry is linear in the new �eld basis, even when
τ 6= i. In particular ε behaves as a spurion with Z4 charge +2. In the new �eld basis,
the coe�cients of the �eld expansion (7.2.2) read:

Ỹi1,...,in =
(

1− i ε
2

)ki1+...+kin
Yi1,...,in

z̃ij =
(

1 + i
ε̄

2

)ki
zij

(
1− i ε

2

)kj . (7.2.7)

The invariance of the theory under Z4 requires Ỹi1,...,in(ε) and z̃ij(ε, ε̄) to satisfy:

Ỹi1,...,in(ε) = σj1i1 ... σjninỸj1,...,jn(−ε)

z̃ij(ε, ε̄) = σ†ik z̃kl(−ε,−ε̄) σlj
. (7.2.8)

In particular, setting ε = 0, the above equations express the necessary conditions for the
invariance of the theory at the symmetric point τ = i. By expanding z̃ij(ε, ε̄) in powers
of ε we see that the terms of �rst order vanish, up to possible non-diagonal terms relating
�elds with opposite value of σ. We conclude that in a neighbourhood of the �xed point
τ = i, and in the absence of any information about the Kähler potential, the theory
reduces to a linearly realised Z4 �avour symmetric theory, in the presence of a (small)
spurion with charge +2.

7.3. Models

In this section, we present two models making use of the results of the previous section
to account for the observed hierarchies in the lepton spectrum, namely the smallness
of the charged lepton mass ratios, me/mτ and mµ/mτ and of the neutrino mass ratio
r ≡ δm2/|∆m2|, where δm2 ≡ m2

2 − m2
1 and ∆m2 ≡ m2

3 − (m2
1 + m2

2)/2 (with the
standard neutrino labeling). The hierarchies will be naturally accounted for by the small
breaking of Z4, |ε| � 1, i.e. by the closeness of the modulus τ to the Z4 symmetric point
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Observable Best-fit value with 1σ error

me/mµ 0.0048+0.0002
−0.0002

mµ/mτ 0.0565+0.0045
−0.0045

NO IO
δm2

[
10−5 eV2

]
7.42+0.21

−0.20

∆m2
[
10−3 eV2

]
2.480+0.026

−0.028 −2.461+0.028
−0.028

r ≡ δm2/|∆m2| 0.0299+0.0009
−0.0009 0.0301+0.0009

−0.0009

sin2 θ12 0.304+0.012
−0.012 0.304+0.013

−0.012

sin2 θ13 0.02219+0.00062
−0.00063 0.02238+0.00063

−0.00062

sin2 θ23 0.573+0.016
−0.020 0.575+0.016

−0.019

δ/π 1.09+0.15
−0.13 1.57+0.14

−0.17

Table 1. Best-�t values of the charged lepton mass ratios and the neutrino
oscillation parameters with the corresponding 1σ errors. For the charged
lepton mass ratios we have used the values given in ref. [234], averaged
over tan β as described in the text, whereas for the neutrino parameters
we have used the results obtained in refs. [41,76] (with Super-Kamiokande
atmospheric data).

τ = i, while the parameters in the superpotential will be O(1), and the corrections to the
minimal Kähler will not be larger than O(1). In Table 1, we collect the best-�t values
of the leptonic parameters with the corresponding 1σ uncertainties.

For the charged lepton mass ratios we use the results of Ref. [234], where for mµ/mτ

we take an average between the values obtained for tan β = 10 and tan β = 38. For the
neutrino oscillation parameters we employ the results of the global analysis performed in
refs. [41,76]. In what follows, when �tting models to the data, we use �ve dimensionless
observables that have been measured with a good precision, i.e. two mass ratios 8, mµ/mτ

and r, and three leptonic mixing angles, sin2 θ12, sin2 θ13, sin2 θ23. Regarding the Dirac
CPV phase, δ, values between π and 2π (approximately) are currently allowed at 3σ for
both neutrino mass spectrum with normal ordering (NO) and that with inverted ordering
(IO). Moreover, in ref. [249], it has been shown that under the transformation τ → −τ ∗
and complex conjugation of couplings present in the superpotential, CPV phases change
their signs, whereas masses and mixing angles remain the same. In fact, this re�ects
CP properties of modular invariant models [250] (see also [265]). As a consequence, the
Dirac phase δ is not particularly constraining for our �ts, and we do not include it in the
list of input observables, regarding the obtained values as predictions.

7.3.1. Model 1: Weinberg operator and inverted ordering. We work at level
3, and the relevant �nite modular group is Γ3. In this subsection, we assume that neutrino
masses are generated by the Weinberg operator. The �eld content of the model along
with the assignment of Γ3 representations and modular weights k is shown in Table 2.
The corresponding charges under Z4, obtained using σ, are shown in Table 3. We work

8In the models presented below, me = 0 by construction, so we do not include the ratio me/mµ

here. See subsection 7.3.3 for possible ways of generating non-zero me.
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L Ec
1 Ec

2 Ec
3 Hu Hd

SU(2)L × U(1)Y (2,−1/2) (1,+1) (1,+1) (1,+1) (2,+1/2) (2,−1/2)
Γ3 3 1 1 1′ 1 1
k 1 3 3 3 0 0

Table 2. Assignment of representations and modular weights in Model 1.

L̃1 L̃2 L̃3 Ẽc
1 Ẽc

2 Ẽc
3 H̃u H̃d ε

Z4 1 −1 −1 −1 −1 −1 0 0 2
Table 3. Z4 charges (mod 4) in Model 1.

in a real basis for the elements of Γ3 where ρ(S̃) = diag(+1,−1,−1) for the irreducible
three-dimensional representation.

The quantum number assignments have immediate consequences for the charged lep-
ton mass spectrum:

(1) At τ = i, the charged lepton mass matrix me has rank one. This follows from
the Z4 charges in Table 3, forcing:

me =

α 0 0
β 0 0
γ 0 0

 . (7.3.1)

(2) For a generic τ 6= i, me has rank two. While Z4 alone would allow me to have
rank three, the underlying modular invariance forces the coe�cients of the �rst
and second rows of me to be proportional, thus reducing the rank. In fact,
modular invariance requires the coupling of Ec

1 and Ec
2 to L to be proportional

to the same modular form multiplet, namely, the triplet of weight four. The
Kähler corrections cannot modify the rank condition. Thus, in the considered
model, the electron has zero mass.

For τ ≈ i+ ε, with |ε| � 1, we obtain the prediction

me : mµ : mτ = 0 : O(ε) : 1 . (7.3.2)

Concerning the neutrino mass spectrum, from the charges of the lepton doublets Li in
Table 3, we deduce that mν in τ = i takes the following general form:

mν =

0 a b
a 0 0
b 0 0

 . (7.3.3)

This matrix has rank two and two degenerate non-zero eigenvalues. Notice that, while a
generic Z4 model would not account for the values of the parameters a and b, here the un-
derlying modular invariance �xes the relative values, before Kähler corrections. With the
Z4 assignment of Table 3, we are implicitly using the basis where S is diagonal for the irre-
ducible triplet of Γ3 and we �nd a/b = Y3(i)/Y2(i), where Y (2)(τ) ≡ (Y1(τ), Y2(τ), Y3(τ))T

denotes the weight-two triplet of modular forms. On the other hand, generic Kähler cor-
rections could mix L2 and L3, as they have the same Z4 charge (see (7.2.8)), leading to
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arbitrary a/b, as in generic Z4 models. For τ ≈ i+ ε, the rank of mν becomes three, and
we obtain the neutrino mass spectrum with inverted ordering of the form

m1 : m2 : m3 = 1 : (1 +O(ε)) : O(ε) , (7.3.4)

and, in particular:
r = O(ε) . (7.3.5)

Clearly, both qualitative relations (7.3.2) and (7.3.5) are phenomenologically intriguing.
They are consequences of modular invariance alone, and are thus independent from
the parameters in the superpotential or the Kähler potential (provided these are non-
hierarchical by themselves). In subsection 7.3.3, we discuss two possible mechanisms to
generate a naturally small electron mass.

While this model successfully accounts for the observed mass hierarchies (with a non-
vanishing electron mass still to be generated), it is not satisfactory when it comes to the
mixing angles. The point is that in order for (7.3.3) to lead to a reasonable leading order
approximation, the tau lepton should correspond to a linear combination of L2 and L3,
while eq. (7.3.1) forces the tau lepton to be mainly L1. Indeed, the prediction for the
mixing angles at τ = i is

sin2 θ13 = cos2 θe12 , sin2 θ12 =
1

2
, sin2 θ23 = 1 , (7.3.6)

where θe12 is an arbitrary angle related to the presence of two vanishing eigenvalues in
me, to be �xed by the Z4 breaking. These predictions imply that in order to generate
the correct mixing angles sin2 θ23 ≈ 0.6 and sin2 θ12 ≈ 0.3, large hierarchical deviations
from the minimal Kähler metrics are required 9, as |ε| � 1 cannot give rise to such
large corrections. This is clearly an unpleasant feature, since it introduces a source
of hierarchy in the Lagrangian parameters. We carried out a full numerical study of
the model, after adding a non-minimal Kähler potential depending on four new real
parameters. The outcome con�rms the above qualitative considerations. More precisely,
we gauge the degree of hierarchy related to a non-canonical Kähler potential K by means
of the condition number

κ(K) = λmax(z)/λmin(z), (7.3.7)

the ratio between the maximum and minimum eigenvalues of zij at the best-�t point.
We �nd that all Kähler metrics providing a good �t near τ = i turn out to have κ(KL,Ec)
very large, typically in the range 103 ÷ 104. We discuss in the next subsection a seesaw
variant of the present model which allows to mitigate the need of hierarchical Kähler
metrics.

7.3.2. Model 2: seesaw mechanism and normal ordering. The main phe-
nomenological obstructions in the model discussed above are the leading order predictions
for the mixing angles. In this subsection, we show how to evade them by introducing
electroweak singlet neutrinos N c and generating the Weinberg operator through the type
I seesaw mechanism. This widens the class of possible neutrino mass matrices that can

9The need for non-minimal Kähler metrics stems not only from the leading order predictions for the
mixing angles, but also from the mass spectrum of the model. In the vicinity of τ = i we found, both
numerically and through an approximate analytical study, that mµ/mτ is smaller than r, while data
require the opposite.
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be obtained, if the singlet neutrino mass matrix becomes singular in the limit τ → i. In
this case, for the standard analysis of the seesaw mechanism to be valid, singlet neutrino
masses are required to be large compared to the electroweak scale. In the example dis-
cussed below, this is easily achieved outside of a neighbourhood of τ = i, provided the
overall singlet neutrino mass scale is large enough.

To be concrete, we augment the �eld content of Table 2 with electroweak singlets
N c ∼ 3 under Γ3, with weight kNc = 1. As before, we denote by Y (2) the weight 2
modular form triplet, and by Y (4) ≡ (Y (2)Y (2))3S the weight 4 triplet of modular forms.
We denote by 3S and 3A the symmetric and antisymmetric triplet contractions of two
Γ3 triplets, respectively. The superpotential W = We +Wν of the lepton sector reads:

We = −
[
αEc

1

(
LY (4)

)
1

+ βEc
2

(
LY (4)

)
1

+ γEc
3

(
LY (4)

)
1′′

]
Hd , (7.3.8)

Wν = −κ
([

(N cL)3S + g (N cL)3A
]
Y (2)

)
1
Hu − Λ

(
N cN cY (2)

)
1
. (7.3.9)

The parameters κ and Λ can be made real without loss of generality, whereas g is complex
in general. In the real basis for 3 of Γ3, this superpotential leads to the following matrices
Ye(τ), Yν(τ) andM(τ):

Ye(τ) = 2

αY2Y3 αY1Y3 αY1Y2

βY2Y3 βY1Y3 βY1Y2

γY2Y3 γωY1Y3 γω2Y1Y2

 , (7.3.10)

Yν(τ) = κ

 0 Y3 Y2

Y3 0 Y1

Y2 Y1 0

+ g

 0 Y3 −Y2

−Y3 0 Y1

Y2 −Y1 0

 , (7.3.11)

M(τ) = 2Λ

 0 Y3 Y2

Y3 0 Y1

Y2 Y1 0

 . (7.3.12)

The matrix Cν(τ) of eq. (7.1.8) is now given by the seesaw formula of eq. (7.1.10).
Some analytical considerations easily follow from the previous equations for the �bare�

quantities, i.e. those corresponding to the minimal Kähler potential. We make use of the
following ε-expansion of Y (2) 10:

Y1 = −ixε , Y2 = y (1 + iε) , Y3 = y∗ (1 + iε) , (7.3.13)

where, up to an overall constant, x ≈ 1.49087 and y =
√

3/2 + i(3/2 −
√

3). To �rst
order in ε we obtain:

Yν(τ)

κ
=

 0 (1 + g) y∗ (1− g) y
(1− g) y∗ 0 0
(1 + g) y 0 0

+i ε

 0 (1 + g) y∗ (1− g) y
(1− g) y∗ 0 − (1 + g)x
(1 + g) y − (1− g)x 0

 ,

(7.3.14)

10One can prove, in general, that d

dτ

∣∣
i
Y2,3 = i Y2,3(i). Moreover, we can rephase Y (2) in such a way

that (Y3(i))∗ = Y2(i) ≡ y. In this basis, we �nd that d

dτ

∣∣
i
Y1 ∈ −iR+.
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M(τ)

2Λ
=

 0 y∗ y
y∗ 0 0
y 0 0

+ i ε

 0 y∗ y
y∗ 0 −x
y −x 0

 . (7.3.15)

Notice that the bare Majorana mass matrix has one eigenvalue proportional to ε, thus
vanishing in the limit τ → i. This corresponds to the case of single right-handed neutrino
dominance, in which one of the electroweak singlet neutrinos is massless in the symmetric
limit 11. Inverting the matrix in eq. (7.3.15) and using the seesaw relation for the bare

light neutrino mass matrix m
(0)
ν we �nd to O(ε):

m(0)
ν =

2ig2|y|2
x

1
ε
− 4g2|y|2

x
− (1 + g2) y∗ − (1 + g2) y

− (1 + g2) y∗ 0 0
− (1 + g2) y 0 0

+O(ε) . (7.3.16)

The leading order form of the charged lepton mass matrix is as in eq. (7.3.1).
The leading order predictions for neutrino masses and mixing angles strongly depend

upon the parameter g.

• A neutrino mass spectrum with IO can be realised when |g|2 � |ε|. Then, m(0)
ν

has approximately the same form as in the model with the Weinberg operator
considered in subsection 7.3.1. We get the neutrino mass spectrum with IO:

m1 : m2 : m3 = 1 : ≈ 1: O(ε) (7.3.17)

and the predictions for the mixing angles reported in eq. (7.3.6), in particular,
sin2 θ23 = 1.
• A neutrino mass spectrum with NO can be realised when |ε| � |g|2. In this
case,

m(0)
ν =

c(g2/ε) a b
a 0 0
b 0 0

+O(ε) , (7.3.18)

with |a|, |b|, |c| being O(1) numbers. Therefore, we have the neutrino mass
spectrum with NO:

m1 : m2 : m3 = O
(
ε2/g2

)
: O

(
ε2/g4

)
: O(1) (7.3.19)

implying r = O(ε4/g4). The mixing angles are:

sin2 θ12 = O(1) , sin2 θ23 ≈ sin2 θ13 ≈ r1/2 . (7.3.20)

Again, the leading order prediction for sin2 θ23 is far away from its measured
value and requires signi�cant corrections from the Kähler potential.

To verify the viability of the model we have performed a full numerical study, also
allowing for a non-minimal form of the Kähler potential for the matter �elds. In general,
modular invariance allows many terms in the Kähler potential [43,258]. In the considered
bottom-up approach, there seems to be no way of reducing the number of these terms.
However, this may change if modular symmetry is augmented by a traditional �nite

11As already observed, in order for the standard seesaw analysis to be valid, we must require the
product |ε|Λ (that is the order of magnitude of the lightest right-handed neutrino mass) to be large
with respect to the electroweak scale. For the present model this does not pose any practical restriction,
since the best-�t region (see below) is achieved for values of |ε| ∼ 10−2 ÷ 10−1.
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�avour symmetry [266] or, perhaps, if some other top-down principle is in action. In
what follows, to be concrete, we adopt three simplifying assumptions:

• The new terms in K are quadratic in Y (2). This is su�cient to illustrate our
results.
• The minimal form (up to overall normalisation) is restored at Imτ → ∞. This
assumption is inspired by the minimal form of the Kähler potential arising in
certain string theory compacti�cations in the large volume limit, corresponding
to Imτ →∞ (see, e.g. [258,259] and references therein).
• The diagonal entries, already controlled by the minimal Kähler potential, are
not a�ected by the new terms.

Under these assumptions and with the assignment of representations and weights given
in Table 2, we �nd 12:

K = L†KLL+ Ec†KEcE
c , (7.3.21)

where

KL =
1

2Imτ

1 0 0
0 1 0
0 0 1

+ 2Imτ

 0 (α5 + iα6)X12 (α5 − iα6)X13

(α5 − iα6)X∗12 0 (α5 + iα6)X23

(α5 + iα6)X∗13 (α5 − iα6)X∗23 0

 .

(7.3.22)
Here α5 and α6 are real coe�cients and

X12 = Y ∗1 Y2 − Y1Y
∗

2 , X13 = Y ∗1 Y3 − Y1Y
∗

3 , X23 = Y ∗2 Y3 − Y2Y
∗

3 . (7.3.23)

In the Ec sector, we obtain:

KEc =
1

8 (Imτ)3

1 0 0
0 1 0
0 0 1

+
1

2Imτ

 0 0 c13X
0 0 c23X

c∗13X
∗ c∗23X

∗ 0

 , (7.3.24)

where c13 and c23 are complex coe�cients and

X = Y ∗1 Y1 + ωY ∗2 Y2 + ω2Y ∗3 Y3 ∼ 1′′ . (7.3.25)

Noteworthy, the seesaw formula (7.1.10) does not depend on the renormalisation factor

z
−1/2
Nc of the heavy �elds N c, so that we will not need to specify the Kähler metric of N c

in what follows.
The inclusion of a non-minimal Kähler potential, even within the above restrictive as-

sumptions, brings in several additional free parameters: α5,6, Re(c13,23) and Im(c13,23) 13.
Adding them to β/α, γ/α, Re(g), Im(g), Re(τ) and Im(τ), we have a total of 12 di-
mensionless input parameters, more than the number of observables. Thus the focus
of our analysis cannot be on predictability. Rather, we are interested in accounting for
the mass hierarchies in terms of the Z4 parameter ε, in the context of a model repro-
ducing all lepton masses and mixings. While the mass hierarchies alone can be easily
accommodated without the need of hierarchical Lagrangian parameters, some degree of
hierarchy turns out to be required by the need to �x the mixing parameters. Useful pa-
rameters to estimate such hierarchies in the Kähler potential are the condition numbers

12We present the full expressions for KL and KEc quadratic in Y (2) in Appendix 7.5.
13In our numerical analysis, we have set Im(c13,23) = 0.
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Input parameters

Reτ ±0.0235

Imτ 1.080

β/α 0.1459

γ/α 5.955

Reg −0.1494

Img ∓0.3169

α5 −0.2071

α6 −0.1437

c13 −0.2656

c23 0.0145

v2uκ
2/Λ [eV] 0.0189

|ε| ≈ |τ − i| 0.0830

Observables

me/mµ 0

mµ/mτ 0.0565

r 0.0299

sin2 θ12 0.304

sin2 θ13 0.02219

sin2 θ23 0.573

δm2 [10−5 eV2] 7.42

∆m2 [10−3 eV2] 2.480

Predictions

m1 [eV] 0.0062

m2 [eV] 0.0106

m3 [eV] 0.0506

δ/π ±0.92

α21/π ±0.97

α31/π ±0.93

|mee| [eV] 0∑
imi [eV] 0.0673

Ordering NO

M1/Λ 0.225

M2/Λ 2.298

M3/Λ 2.524
Table 4. First pair of best-�t points in a vicinity of τ = i found consid-
ering the Kähler potential in eqs. (7.3.22)�(7.3.25).

Input parameters

Reτ ±0.0328

Imτ 1.137

β/α 0.2388

γ/α 7.854

Reg −0.2234

Img ±0.4469

α5 −0.1865

α6 −0.1116

c13 −0.2405

c23 −0.0959

v2uκ
2/Λ [eV] 0.0191

|ε| ≈ |τ − i| 0.1408

Observables

me/mµ 0

mµ/mτ 0.0565

r 0.0299

sin2 θ12 0.304

sin2 θ13 0.02219

sin2 θ23 0.573

δm2 [10−5 eV2] 7.42

∆m2 [10−3 eV2] 2.480

Predictions

m1 [eV] 0.0063

m2 [eV] 0.0107

m3 [eV] 0.0506

δ/π ±0.91

α21/π ±0.98

α31/π ±0.88

|mee| [eV] 0∑
imi [eV] 0.0675

Ordering NO

M1/Λ 0.353

M2/Λ 2.130

M3/Λ 2.483
Table 5. Second pair of best-�t points in a vicinity of τ = i found con-
sidering the Kähler potential in eqs. (7.3.22)�(7.3.25).

of eq. (7.3.7). To establish the possibility to reproduce all the relevant observables, and
the role of Z4 breaking in setting the mass hierarchies, we have selected several bench-
mark points with slightly di�erent features. We show the results of two (pairs) of the
benchmark points in Tables 4 and 5. In all such benchmark points, all �ve dimensionless
observables take exactly their experimental best-�t values (for the time being we set
me = 0). In addition, the model predicts a normal ordered neutrino mass spectrum and
the values of the CPV phases. Interestingly, for both pairs of the benchmark points, the
predicted value of δ (the one with minus sign) matches its experimental best-�t value.
Notice also the interesting result |mee| = 0 which at the leading order can be seen as



7.3. MODELS 99

a simple consequence of the matrix patterns (7.3.16) and (7.3.1) 14. Finally, we report
in the last column the masses Mi, i = 1, 2, 3, of the heavy neutrinos in the units of
Λ. Although the value of Λ cannot be uniquely �xed, it can be estimated as (see the
�rst column of the tables) Λ ≈ v2

uκ
2/(0.02 eV) ≈ 1015 sin2 β GeV, where we have used

vu = v sin β, with v = 174 GeV, and κ ∼ O(1). This implies that for tan β & 1, the scale
Λ & 5 × 1014 GeV. Let us stress once again that in the considered model, M1 ∼ |ε|Λ,
and thus, it is generated by a small departure of τ from i.

Our analysis shows that the mass hierarchies are indeed governed by Z4 breaking,
whereas, in general, Kähler corrections re�ect on the lepton mass spectrum through O(1)
changes. For example, in the �rst pair of benchmark points (see Table 4), we veri�ed
numerically that Kähler corrections only a�ect the mass ratios by about a factor of 2 15;
on the other hand, at these points, the Kähler metrics are by themselves somewhat
hierarchical, as shown by the condition numbers κ(KL) ≈ 12 and κ(KEc) ≈ 16. In the
second pair of benchmark points shown in Table 5, the hierarchies in the Kähler metrics
are both reduced (the condition numbers are κ(KL) ≈ 6 and κ(KEc) ≈ 12), and points
with even milder hierarchies may potentially be found. These observations lead us to
conclude that the deviations from the canonical Kähler metric present in the best-�t
points, have little to do with the mass spectrum hierarchies; rather, they are necessary
in order to reproduce the correct PMNS mixing angles.

We have analysed more in detail the dependence of the �tted observables on the
parameters of the Kähler potential. In Figs. 7.3.1 and 7.3.2, we plot the values of the
�ve dimensionless observables versus α5,6 and c13,23, respectively

16. All other input
parameters are �xed to their best-�t values as in Table 4. We see that the parameters
α5 and α6 strongly impact the predictions for the mixing angles and the two mass ratios,
r and mµ/mτ , whereas c13 and c23 in KEc mainly a�ect the predictions for sin2 θ23 and
mµ/mτ .

In conclusion, we see that a mass matrix of reduced rank at the self-dual point τ = i
can explain the observed mass hierarchies in terms of O(1) Lagrangian parameters. At
the same time, at least in the model considered here, moderately hierarchical Kähler and
superpotential parameters are needed to �x the mixing angle predictions. Whether or
not this is a general feature of this class of models is a question which de�nitely requires
further investigation, but is beyond the scope of the present Chapter. On the other hand,
in order to get a fully realistic description of lepton masses we should still generate a
non-vanishing electron mass, without perturbing too much the results achieved so far.
We discuss this point in the next subsection.

7.3.3. Generating me 6= 0. Both the models discussed above yield, by construction,
me = 0. One can easily concoct mechanisms to generate the small electron mass without

14Given the column ordering in eq. (7.3.1), |mee| is given at the leading order by
(
m

(0)
ν

)
33

= 0+O(ε).
15For the minimal Kähler potential, i.e. setting α5 = α6 = c13 = c23 = 0, we �nd mµ/mτ = 0.0520

and r = 0.0637, whereas the angles sin2 θ12 = 0.228, sin2 θ13 = 0.03751 and sin2 θ23 = 0.256 are far away
from their experimental values.

16For the values of α5,6 (c13,23) beyond the range displayed in the x-axis, the matrix KL (KEc) is
not positive de�nite, and thus, the corresponding Kähler metric is well-de�ned only for the displayed
range of α5,6 (c13,23).
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Figure 7.3.1. Dependence of the mixing angles and two mass ratios on
α5 (left) and α6 (right), �xing all other input parameters to their best-�t
values from Table 4. The horizontal dashed lines indicate the boundaries
of the respective 1σ ranges from Table 1. The vertical dashed line in the
left (right) panels stands for the best-�t value of α5 (α6) from Table 4.

spoiling the other predictions. We give below two examples, where me is generated by
supersymmetry breaking and by dimension six operators, respectively.

If supersymmetry is broken by some F -term, fermion masses get corrected by the sec-
ond term of eq. (7.1.6), which, as discussed below the same equation, scales asmSUSY v/M
for SM fermion masses (where M is the SUSY breaking messenger scale). For instance,
a Kähler interaction of the form:

K ⊃ 1

Λ2
χ†Ec

i

[
ai(τ)Hd + bi(τ)H̃u

]
L+ h.c.,

where the super�eld χ gets a supersymmetry breaking expectation value 〈χ〉 = Fθ2,
gives a contribution to the charged lepton Yukawa matrix proportional to F/Λ2, which
in turn generically induces an electron Yukawa coupling of the same order.
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Figure 7.3.2. Dependence of the mixing angles and two mass ratios on
c13 (left) and c23 (right), �xing all other input parameters to their best-�t
values from Table 4. The horizontal dashed lines indicate the boundaries
of the respective 1σ ranges from Table 1. The vertical dashed line in the
left (right) panels stands for the best-�t value of c13 (c23) from Table 4.

As a second possibility, one may generate me 6= 0 through the dimension six operator:

(Ec
iLHd)(HuHd), (7.3.26)

whose Wilson coe�cient should be a modular form of the appropriate weight. In order
for this mechanism to work, we need to generalise the weight assignments in Table 2. We
make the following requirements:

kL = 1− ku , (7.3.27)

kEc = 3 + ku − kd , (7.3.28)

ku + kd 6= 0 . (7.3.29)
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The �rst two conditions ensure that the superpotentials discussed in the previous subsec-
tions have weight zero; the last condition implies that the operator (7.3.26) has di�erent
weight from the corresponding renormalisable Yukawa term 17, so that it couples to a
functionally independent modular form multiplet (making the resulting charged lepton
mass matrix of rank three). Such a mechanism thus generates me ∼ vuv

2
d/Λ

2, where Λ
is the scale at which the operator in eq. (7.3.26) is generated.

While in some �avour models, the ratiosme/mτ andmµ/mτ are associated to di�erent
powers of the same expansion parameter, we note that here the two ratios are associated
to independent parameters.

7.4. Conclusions

Supersymmetric modular invariant theories o�er an attractive framework to address
the �avour puzzle. The role of �avour symmetry is played by modular invariance, re-
garded as a discrete gauge symmetry, thus circumventing the obstruction concerning
fundamental global symmetries. The arbitrary symmetry breaking sector of the con-
ventional models based on �avour symmetries is replaced by the moduli space. Yukawa
couplings become modular forms, severely restricted by the matter transformation prop-
erties. So far this framework has delivered interesting preliminary results especially in
the lepton sector, where neutrino masses and lepton mixing parameters can be e�ciently
described in terms of a limited number of input parameters.

Weak points in most of the existing constructions are the need of independent hier-
archical parameters to describe charged lepton masses, the reduced predictability caused
by a general form of the Kähler potential, and the absence of a reliable dynamical mech-
anism to determine the value of τ in the vacuum. As a matter of fact, in several models
reproducing lepton masses and mixing parameters, the required value of τ is close to i,
the self-dual point where the generator S of the modular group and CP (if the Lagrangian
is CP invariant) are unbroken. A small departure of τ from i su�ces to generate sizeable
CP-violating e�ects in the lepton sector.

For these reasons, we were led to analyse more in detail the vicinity of τ = i. Our
goal was to show that a small deviation from the self-dual point can be responsible for
the observed mass hierarchy me � mµ � mτ and δm2 � ∆m2. At τ = i, the theory
has an exact Z4 symmetry, generated by the element S of the modular group. In the
neighbourhood of τ = i, the breaking of Z4 can be fully described by the (small) spurion
ε ≈ τ − i, that �ips its sign under Z4. We explained how to exploit this residual Z4

symmetry in order to obtain lepton mass matrices having reduced rank at τ = i. This
can be easily done with a suitable assignment of modular weights and representations
for matter �elds. There is a twofold advantage in this strategy. First, mass ratios that
are forced to vanish at τ = i by the Z4 symmetry are expected to acquire small values
∝ |ε|n (n > 0) near the self-dual point. Second, the reduced rank of the mass matrices
can tame the contribution from a non-minimal Kähler potential, provided the metrics of
the matter �elds do not display large hierarchies.

17Curiously, the same condition can be exploited to make the Higgs µ-term vanish at τ = i. The
Higgs µ-term, being a Γ3 singlet modular form of weight ku + kd, vanishes by eq. (7.2.8) at τ = i if
ku + kd 6= 0 (mod 4), since all Γ3 singlets have ρ(S̃) = 1.
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To see whether this strategy can be successfully realised or not, we built a concrete
model at level 3, where neutrinos get masses through the type I seesaw mechanism. The
model predicts a normal mass ordering. The number of parameters exceeds the number
of �tted observables and we cannot claim predictability. However, with τ being near i,
mass ratios and mixing angles are reproduced with input parameters nearly of the same
order of magnitude and matter kinetic terms display only a moderate hierarchy. We saw
that the main contribution to the mass hierarchy can be induced by the singular mass
matrix at the Z4 symmetric point. In the model we considered, the Kähler potential
and the other Lagrangian parameters are crucial in order to correctly reproduce the
values of the mixing angles. While the Z4 symmetry plays a fundamental role in all our
discussion, we notice that our model could not have been realised in the context of a
Z4 �avour symmetry alone. In particular, the electron mass vanishes in the models we
have considered due to the correlations among generic Z4-invariant operators provided
by the underlying modular invariance. Also the leading order values of the mixing angles
are dictated by Z4. We have discussed possible sources of a non-vanishing electron mass.
While the models we formulated have clearly room for improvement, we consider them as
a good starting point to naturally accommodate the observed fermion mass hierarchies
within a modular invariant framework.

7.5. Appendix: Kähler potential quadratic in Y (2)

In the real basis for the Γ3 generators S and T in the 3-dimensional representation
we employ in this Chapter, L∗ and Y (2)∗ transform as triplets, i.e. L∗ → ρ3(γ̃)L∗ and
Y (2)∗ → ρ3(γ̃)Y (2)∗. Thus, we can contract �rst L∗ with L and Y (2)∗ with Y (2), and after
that perform contractions of the obtained multiplets. Proceeding in this way, we obtain:

(L∗L)1 = L†L , (L∗L)1′ = L†M1′L , (L∗L)1′′ = L†M1′′L , (7.5.1)

(L∗L)3S =

L†M
(1)
3S
L

L†M
(2)
3S
L

L†M
(3)
3S
L

 , (L∗L)3A =

L†M
(1)
3A
L

L†M
(2)
3A
L

L†M
(3)
3A
L

 , (7.5.2)

with the matrices M• being:

M1′ =

1 0 0
0 ω2 0
0 0 ω

 , M1′′ =

1 0 0
0 ω 0
0 0 ω2

 , (7.5.3)

M
(1)
3S

=

0 0 0
0 0 1
0 1 0

 , M
(2)
3S

=

0 0 1
0 0 0
1 0 0

 , M
(3)
3S

=

0 1 0
1 0 0
0 0 0

 , (7.5.4)

M
(1)
3A

=

0 0 0
0 0 1
0 −1 0

 , M
(2)
3A

=

0 0 −1
0 0 0
1 0 0

 , M
(3)
3A

=

 0 1 0
−1 0 0
0 0 0

 , (7.5.5)
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and ω = e2πi/3. The same equations hold for
(
Y (2)∗Y (2)

)
•. Taking further invariant

contractions of the obtained multiplets, we �nd

KL = (2Imτ)−kL+

+(2Imτ)kY −kL
{
α1Y

(2)†Y (2)1 + α2

[(
Y (2)†M1′′Y

(2)
)
M1′ + (Y (2)†M1′Y

(2))M1′′
]

+ α3 i
[(
Y (2)†M1′′Y

(2)
)
M1′ −

(
Y (2)†M1′Y

(2)
)
M1′′

]
+ α4

3∑
n=1

(
Y (2)†M

(n)
3S
Y (2)

)
M

(n)
3S

+ α5

3∑
n=1

(
Y (2)†M

(n)
3A
Y (2)

)
M

(n)
3A

+ α6

3∑
n=1

i
(
Y (2)†M

(n)
3A
Y (2)

)
M

(n)
3S

+ α7

3∑
n=1

i
(
Y (2)†M

(n)
3S
Y (2)

)
M

(n)
3A

}
,

(7.5.6)

where αj, j = 1 , . . . , 7, are real coe�cients, which accompany hermitian matrices. (We

have used the fact that M †
1′ = M1′′ , M

(n)†
3S

= M
(n)
3S

, and M
(n)†
3A

= −M (n)
3A

.)
One of our assumptions is that the canonical form of KL is restored at Imτ → ∞.

The q-expansions of Yi in the real basis read:

Y1(τ) =
1√
3

(
1− 6q1/3 − 18q2/3 + 12q + . . .

)
, (7.5.7)

Y2(τ) =
1√
3

(
1− 6ωq1/3 − 18ω2q2/3 + 12q + . . .

)
, (7.5.8)

Y3(τ) =
1√
3

(
1− 6ω2q1/3 − 18ωq2/3 + 12q + . . .

)
, (7.5.9)

where q = e2πiτ . Thus, at Imτ →∞

Y1 = Y2 = Y3 ∼
1√
3
, (7.5.10)

and KL has the following form:

KL ∼
1

2Imτ
+

2

3
Imτ

 3
2
α1 α4 + iα7 α4 − iα7

α4 − iα7
3
2
α1 α4 + iα7

α4 + iα7 α4 − iα7
3
2
α1

 , (7.5.11)

where we have used kL = 1 and kY = 2. To satisfy our assumption of the asymptotic
behaviour of KL, the coe�cients α1 = α4 = α7 = 0. Thus, the number of free parameters
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in KL is reduced from seven to four. Then, the elements of KL from eq. (7.5.6) read:

(KL)11 =
1

2Imτ
+ 2Imτ

[
2α2 |Y1|2 −

(
α2 +

√
3α3

)
|Y2|2 −

(
α2 −

√
3α3

)
|Y3|2

]
, (7.5.12)

(KL)22 =
1

2Imτ
+ 2Imτ

[
−
(
α2 −

√
3α3

)
|Y1|2 + 2α2 |Y2|2 −

(
α2 +

√
3α3

)
|Y3|2

]
,

(7.5.13)

(KL)33 =
1

2Imτ
+ 2Imτ

[
−
(
α2 +

√
3α3

)
|Y1|2 −

(
α2 −

√
3α3

)
|Y2|2 + 2α2 |Y3|2

]
,

(7.5.14)

(KL)12 = 2Imτ (α5 + iα6) [Y ∗1 Y2 − Y1Y
∗

2 ] , (7.5.15)

(KL)13 = 2Imτ (α5 − iα6) [Y ∗1 Y3 − Y1Y
∗

3 ] , (7.5.16)

(KL)23 = 2Imτ (α5 + iα6) [Y ∗2 Y3 − Y2Y
∗

3 ] . (7.5.17)

For the sake of simplicity, we set further α2 = α3 = 0. In this case, the diagonal entries
of KL are not a�ected by the contributions containing modular forms, on the contrary
to the o�-diagonal elements. Thereby, we arrive at the form of KL in eqs. (7.3.22) and
(7.3.23).

What concerns KEc , with the assignment of representations and weights given in
Table 2, the most general Kähler potential quadratic in Y (2) reads

KEc =
1

8 (Imτ)3

c0
11 c0

12 0
c0∗

12 c0
22 0

0 0 c0
33


+

1

2Imτ

 c11Y
(2)†Y (2) c12Y

(2)†Y (2) c13Y
(2)†M1′′Y

(2)

c∗12Y
(2)†Y (2) c22Y

(2)†Y (2) c23Y
(2)†M1′′Y

(2)

c∗13Y
(2)†M1′Y

(2) c∗23Y
(2)†M1′Y

(2) c33Y
(2)†Y (2)

 , (7.5.18)

with c
(0)
ii being real and c

(0)
ij , i 6= j, complex coe�cients.

Taking into account that at Imτ → ∞, the invariant combination Y (2)†Y (2) ∼ 1,
whereas X ≡ Y (2)†M1′′Y

(2) and X∗ = Y (2)†M1′Y
(2) decay exponentially, we �nd

KEc ∼
1

8 (Imτ)3

c0
11 c0

12 0
c0∗

12 c0
22 0

0 0 c0
33

+
1

2Imτ

c11 c12 0
c∗12 c22 0
0 0 c33

 . (7.5.19)

In order to restore the canonical form of KEc in the considered limit, c0
12 = c12 = 0.

Furthermore, we set cii = 0 for simplicity. Finally, we can always make c0
ii = 1 by

independent rescalings of Ec
i , i = 1, 2, 3. Thus, we recover KEc given by eqs. (7.3.24) and

(7.3.25).
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